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Abstract 



A typical path integral on a manifold, M is an informal expression of the form 



4 / /we 




where H(M) is a Hilbert manifold of paths with energy E(a) < oo, / is a real valued function 
on H(M), T>a is a "Lebesgue measure " and Z is a normalization constant. For a compact 
Riemannian manifold M, we wish to interpret T>a as a Riemannian "volume form " over 
H(M), equipped with its natural G metric. Given an equally spaced partition, V of [0, 1], let 
H-p (M) be the finite dimensional Riemannian submanifold of H (M) consisting of piecewise 
geodesic paths adapted to V ■ Under certain curvature restrictions on M, it is shown that 



where Z-p is a "normalization" constant, E : H (M) — > [0, oo) is the energy functional, Voln-p 
is the Riemannian volume measure on H-p (M) , v is Wiener measure on continuous paths in 
M, and p is a certain density determined by the curvature tensor of M. 

1 Introduction 

Suppose we have a Riemannian manifold [M, g) of dimension d with metric g. We will only 
consider M to be compact or M. d . Fix a point o on the manifold M and let V : M — * R be a 
potential function. In classical mechanics, the path a : [0, T] — > M, er(0) = o, subject to the 
potential V , can be obtained by solving Newton's equation of motion 
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dVolH-p(cr) — > p{o)dv{a) 



as mesh('P) — » 0, 




grady(a (t)) , 



where given any vector field X(s) on <j(s), define 

T -/«"5 IWWI' < L1 > 

and // s {o~) : T M — » T CT ( S )M is parallel translation along cr relative to the Levi Civita covariant 
derivative V. The Hamiltonian of the system, H is then given by 

H{a{t),a'{t)) = \\\a'{t) f +V(a(t)), 

where || v || 2 := g(v,v) and mass is set to be 1. 

In Quantum Mechanics, observables are no longer functions, but rather Hermitian operators 
on some Hilbert space. Let q = (q\, q 2 , . . . qd) be the cartesian coordinates on R d and pt be the 
momentum corresponding to q^. In canonical quantization on R d , the quantum mechanical operator 
H corresponding to the classical Hamiltonian, H = \ J2iPi + i s given by 

^ h 2 f) 2 
■I 1 

where h = h is Planck's constant and My is multiplication operator by V. 

However, on a manifold, one aims to quantize the Hamiltonian H = \g l - '(q)piPj + V(q) where 
q is some coordinate system on M. Using the "Feynman's (Kac) path integral prescription " , one 
defines the operator e~ TH via an integral 

(e- T "f)(o) := «J- / e-fo T »W),°'W)<*f(a(T))Va,» (1.2) 
Zt Jh t (M) 

where H(a(t), a' (t)) = \ || cr'(t) j| 2 +V(a(t)) is the classical Hamiltonian. H T (M) is the space of 
finite energy paths, Zt is some normalization constant and Vo is to be interpreted as a " Lebesque 
type measure". The operator H can then be obtained by differentiating the operator e~ TH with 
respect to T at 0. 

For simplicity, we will assume that T = 1 and set h = 1. Furthermore we will set V = since 
quantizing a scalar function on the manifold M corresponds to the multiplication operator with 
V. 

Definition 1.1 Define H(M), a Hilbert manifold of absolutely continuous paths with finite energy, 
H(M) = {a : [0, 1] -» M| a(0) = o e M and E{a) < oo} (1.3) 
where the energy E is given by 

E(a) := / g(o-'(s), a'(s)) ds. (1.4) 
Jo 
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The tangent space T a H{M) to H(M) at a may be identified with the space of absolutely 
continuous vector fields along o. On this Hilbert manifold H(M), we can define a metric G 1 as 
follows. 



Definition 1.2 Let T G H(M) be the space of absolutely continuous vector fields X along a (i.e. 
X(s) E T a{s) M Vs E [0, 1]) such that G 1 (X,X) < oo where 

G .(X,X):=/' 9 «^MU (1 .5) 
Jo \ ds ds J 

and ¥- is defined as in Equation hi. 

See [Eel58l IEH671 IFK721 lKh78l IPal63j for more details. By polarization, Equation (JOJ defines 
a Riemannian metric on H(M). 

The integral over H(M), defined in Equation (| 1 . 2[) however, is highly heuristic. Firstly, the 
normalization constant Z\ may be interpreted to be or oo. Secondly, T>o~ which is to be interpreted 
as "Lebesgue measure" , fails to exist in an infinite dimensional space. 

We would like to make sense out of the RHS of Equation (|1.2[) . by writing it as a limit of a 
sequence of integrals over finite dimensional spaces H-p (M) . 

Definition 1.3 Let 

V = {0 = s <si<s 2 <--- <s n = l} (1.6) 

be a partition of [0, 1]. Define H-p(M) as a set of piecewise geodesies paths in H(M) which change 
directions only at the partition points. 

H V (M) = (o-e H(M) n C 2 (I\V) =0 for s^V 

[ ds 

It will be shown later that H-p(M) is a finite dimensional submanifold of H(M). In fact, 
H-p(M) is diffeomorphic to (R d ) n . For a S H-p(M), the tangent space T a H-p(M) can be identified 
with elements X € T a H-p(M) satisfying the Jacobi equations on I\V . As a submanifold of H(M), 
H-p(M) inherits the induced metric G 1 \th v (M) by restricting the G 1 metric on H-p(M). 

If N p is any manifold with a metric G, define a volume density VoIq on T n N by 

Vol G (vi,V2, ...,v p ) = Jdet {G{vi,Vj)}^ j=1 (1.7) 
where {vi, t>2, . . . , v p } C T n N is a basis and n G N . 
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Theorem 1.4 Given a density of the form pVolc, where p : N — > [0, oo), there exists a unique 
measure vtlq on N such that 

[ f dm G = [ fp Vol G (-^-, ■ ■ ■ , Tp- ) dyi . . . dy p 
Jv(y) Jv(y) \oyi dy 2 dy p J 

for any local coordinates y = (y±, . . . , y p ) : T>(y) — * W and measurable function f : N — ► [0, oo). If 
p = 1, the associated measure will be called Riemann volume measure. 

Definition 1.5 Let Volj> denote the density on H-p(M) determined by G 1 \j'h v (m)®th v {M) using 
Equation Jj.7p . 

Given the above definition, we can now define a measure on H-p(M). 

Definition 1.6 For each partition V of [0, 1] as in Equation \l.b}) , let v-p denote the unique mea- 
sure on H-p(M) as in Theorem \1.4\ defined by the density 

where E : H(M) —> [0, oo) is the energy functional defined in Equation \l-4\ ) and Zy, is a normal- 
ization constant given by 

Z£ = (2tt)*. (1.8) 

We can now write the RHS of Equation (|1.2p as a limit of a sequence of integrals over the finite 
dimensional space H-p(M), equipped with the measure v-p. Our result shows that this limit can 
be written as an integral over the Wiener space of M, with Wiener measure v. (See Definition [L8] 
below.) 

Definition 1.7 Define A,s = Sj — Sj_i and \V\ = V<=i n ~ maxjA^ : i = 1, 2, . . . , n} be 

the norm of the partition and Ji := (sj-i, si\ for i = 1, 2, . . . , n. 

Let A = tr V 2 denote the Laplacian acting on C°°(M) andp s (a;, y) be the fundamental solution 
to the heat equation. 

du 1 . 
— = -Aw. 
ds 2 

In the case when M = R d , 

Ps(x,y)= f JLV e-£ll*-< 
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Definition 1.8 The Wiener space W(M) is the path space 

W(M) = {a : [0, 1] — ► M : cr(0) = o and a is continuous}. 

The Wiener measure v associated to (M, g, o) is the unique probability measure on W(M) 
such that 

/ }{o)dv(o-)= I F(x 1 ,...,x n ) TT pA iS (xi-i, Xi) dm(xi) ■ ■ ■ dm(x n ) (1.9) 

JW(M) J M n i=l 

for all junctions f of the form f(o~) = F (<r(si), . . . , o~(s n )), for all V, a partition of [0, 1] as in 
Equation \l.b\) and F : M n —> R is a bounded measurable function. In Equation (j 1 . 9 [) , dm(x) 
denotes the Riemann volume measure on M as in Theorem \l.J\ and by convention xo := o. 

It is known that there exists a unique probability measure v on W(M) satisfying Equation 
(|1.9[) . The measure v is concentrated on continuous but nowhere differentiable paths. 

Notation 1.9 When M = M. d , g(-, •) is the usual dot product and o = 0, the measure v defined in 
Definition \1.8\ is the standard Wiener measure on WiW 1 ). We will denote this standard Wiener 
measure by /x rather than v. We will also let b(s) : W(M ) — » R d be the coordinate map such that 

b(s)(u>) := to(s) 

for allue W(R d ). 

Remark 1.10 The process {&( s )}se[o,i] * s a standard W 1 -valued Brownian motion on the proba- 
bility space (W(R d ),n). 

Suppose we now view M as an imbedded submanifold of M d with the induced Riemannian 
structure. Let P(m) be the projection on the tangent space T m M and v € T m M. Then for a 
vector field X(m), 

V V X = P(a(Q))^-X(a(t)) 

dt t=o 

where a is a path in M such that cr(0) = m and cr'(0) = v. Define a projection Q on the orthogonal 
complement of T m M by Q = I — P, where / is the identity. With this definition, for any vector 
v G T m M, one can define parallel translation along a by // s (a)v := w(s)v where w solves the 
following differential equation 

w'(t) + dQ(a'(t))w(t) = 0, w(0) = P(a(0)). 
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Theorem 1.11 Let £ be an M-valued semi-martingale and Vo(m) be a measurable vector field 
on M, then there is a unique parallel T M -valued semi-martingale V such that Vo = Vb(So) o-nd 
V s G Ts 3 Af for all s. More explicitly, V s — w s V(T,q) where w solves the following Stratonovich 
stochastic differential equation 

5w + dQ(5Y,)w = 0, w = P(S ). (1.10) 

For a proof of this theorem, the reader should refer to |Rao04| . Thus we can now define a 
"stochastic" extension of parallel translation. 

Definition 1.12 (Stochastic Parallel Translation) Given v G 7e M and M -valued semi-martingale 
£, define stochastic parallel translation / / by 

// s v := w s v 

where w solves Equation M.10\) . This is going to be used for the particular semi-martingale 
E s (a) := a(s) on (W(M),v). 

Definition 1.13 The curvature tensor R o/V is 

R(X, Y)Z = VxV Y Z - VyVxZ - V [x , y]Z 

for all vector fields X, Y and Z on M . The sectional curvature S(V) where V C T m M with 
dim(V) — 2, is defined by 

S(y)= g(R(u:v)u : v) 



\\ u \\ 2 \\ v \\ 2 —g(u, v) 2 ' 

where {u,v} is a basis for V. It can be shown that this definition is independent of the basis 
used. Let {ei}f =1 C T m M be an orthornormal frame at m G M . The Ricci tensor of (M, g) is 
Ric v — R{v, ei)ei, the scalar curvature Seal is Seal = X^iLi g{Ric e^, ef) and T m is given 

by 

d 

T m = ^ (R(ei,R{ei,-)ej)ej + R{e l ,R(e j ,-)e l )e :j + R(ei, R{ej, -) e i) e ») • 
Define for any a € W(M), K a : L 2 ([0, f] T Q M) — > L 2 ([0, 1] -> T a M) by 
(K a v)(s) =|(sA t) 7/ t ~ V) (lV( t )77 t (aM*)) dt 
where //is stochastic parallel translation. 

It will be proved later that K a is a trace class operator. We can now state the main result. 
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Theorem 1.14 Let (M, g) be a compact Riemannian manifold with dimension d. Let V = 
{0, — , . . . , ^j^-, l} be an equally spaced partition. Suppose that f : W(M) — > R is bounded 



and continuous and that < S < ■ then 

— 17a 1 



lim / f(cr) dv v {a) 
\p\-^Jb t {M) 



'W(M) 

1.1 Known Results 



/ f( a ) e ~UoScal(a(s)) ds ( j + L K \ d ^ a ), 

JW(M) V V 12 / 



(1.11) 



Using H-p(M) to approximate the Wiener space W(M) was done in [AD99] . However, the choice 
of metrics used on TH-p(M) in |AD99j are different from G 1 |tj? p (m)- 

Definition 1.15 For each partition V of [0, 1] as in Equation \1.6\) , let Gp, G^f, be the metrics on 
TH-p(M), given by 

n 

G°,(X,Y) = ^ 9 (X(s i _ 1 +), Y(si-i+) )A iS . 

i=l 

for all X,Y e T a H v {M) and a G H V (M). Note that VX{s d z ; 1+) = Um s ^ Si _ 1+ 

Observe that G\, is some sort of Riemann sum approximation to G 1 . 

Definition 1.16 For each partition V of [0, 1] as in Equation il.6\) , define unique measures Vqx 
and v G f^ on H-p(M), as in Theorem \1.4\ defined by densities 

-TpreT^ E Vol G x and -\-e~^ E Vol c o 
Z\, G v Z% G -p 

respectively, where E : H(M) — > [0, 00) is the energy functional defined in Equation and 
Vol (p. and VoIqo^ are determined by G\> and Gj, respectively using Equation fi. 7[ ) . Z\, is a 
normalization constant given by Equation (1.8\) and 



The following theorem was proved in [A"D99j. 
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Theorem 1.17 Let M be a compact Riemannian manifold. Suppose that f : W(M) — ► R is 
bounded and continuous, then 



Using the Feynman-Kac formula, H in Equation (|1.2[) is given by 

H = -^A + nScal 

where A is the Laplacian operator and k = 0, g for the and Gfp metrics respectively. However, 
the integral in Equation (|l.lip is not of the Feynman-Kac form. Hence the interpretation of the 
operator H corresponding to this integral is unclear at this stage. 

2 Finite Dimensional Approximations 

A detailed account of this section is given in [AD99] . 

Let 7r : O(M) — > M denote the bundle of orthogonal frames on M. An element u £ O(M) is 
an isometry 



Fix u £ 7r _1 (o), which identifies T M of M at o with R d . 

Define 9, a Revalued form on 0(M) by U (£) = u^tt^ for all u £ O(M), £ € T u O{M) and let 
t? be the so(d)-v&\ued connection form on 0(M) defined by V. Explicitly, if s — ► u(s) is a smooth 
path in O(M) then 




it : R' 



d 



Tn( u )M. 




where ^ is defined as in Equation with A replaced by u. We define the horizontal lift 

U u : T <U) M -> T„0(M) by 

6»H„u = id K d, = 0. 



Explicitly, for v £ T^ U )M, H u v = Tt \ t =o / / t{o-)u where <r(0) 



= v. 



Definition 2.1 For a, c £ R d , let 



Q u (a,c):=u 1 R(ua,uc)u. 
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Let H(0(M)) be the set of finite energy paths u : [0, f] — > O(M) as defined in Equation (|f .3[) 
with M replaced by O(M) and o by w . For <r <E H(M), let u be defined by the ordinary differential 
equation 

u'(s) = K u ( s )(t'(s), it(0) = u c . 
This equation implies that i?(u'(s)) = or that v ^- > = 0. Thus we have 

u(s) = I '/ a (a)u a 

where / / s (a) is parallel translation along a. Since u is fixed, we will drop it and write u(s) — / / s . 
We will call u(s) a horizontal lift of a starting at u Q and use it to define </>, which associates 
uj e H(R d ) with a path a € H{M). 

Definition 2.2 (Cartan's Development Map) The development map, <j> : H{R d ) -> H(M) is 
defined for u> € H(R d ) by 4>{lo) = a € H{M) where a solves the functional differential equation 

a'(s)=// s (o-W( S ), ,7(0) =o. (2.1) 

The development map, <^> is smooth and injective. We can define an anti-development map, 
0" 1 : H(M) -> i/(R d ) given by w = where 



Again, 1 is smooth and is injective. Therefore, : H(R d ) -> H(M) is a diffeomorphism of 
infinite dimensional Hubert manifolds. 

Definition 2.3 For each h e C°°(H(M) -► #(R d )) and cr G F(M), Zei X fe (o-) G T a H(M) be 
given by 

X*(a) := // s (a)h s (a) (2.2) 
/or a/Z s G [0, 1], where we have written h s (a) as h(o~)(s). 

Define H P {R d ) = {uj G H H C 2 (I\V) \ oj"(s) = for s <£ V}, the set of piecewise linear paths 
in H(R d ), which changes directions only at the partition points. 

Remark 2.4 The development map <p : H(R d ) -> H(M) has the property that <p(H v (R d )) = 
H-p(M) where H-p(M) has been defined in Definition \1.3\ If a = <fi(uj ) with uj € H v (R d ), then 
differentiating Equation \2. 1\) gives 

= j- s { IIs[<t)ujI{s) ) = //s(ct)w " (s) = for al1 s * v - 
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Because <j> : H(R d ) -> H{M) is a diffeomorphism and H v (R d ) C is an embedded 

submanifold, so it follows that Hp(M) is an embedded submanifold of H(M). Therefore for each 
a e H-p(M), T a Hp(M) may be viewed as a subspace of T a H(M). The next proposition identifies 
this subspace. See jAD99j for a proof. 



Proposition 2.5 Let a € Hp(M), then X e T a H(M) is in T a H v (M) if and only if 



^X(s) = R(a'(s), X(s))a'(s) 



(2.3) 



on I\V. Equivalents, letting uj = -1 (cr), u = //(a) and h G H(R d ), then X h € T a H(M) defined 
in Equation \2. 2\) is in T a Hp{M) if and only if 



h"( S )=n u{s) (u J '(s),h(s))Lj'(s) 



(2.4) 



on I\V. 



2.1 Comparing v-p and Vq\ on M 

Definition 2.6 For uj E Hp(M. d ), let {hk a} k=i,a.....» be any basis in (^^(T^t^HpiM)) 

' a = l,2,...,d " V ' 

= Hp (T M) and a = 4>(co). Let Volp be the density associated to G 1 \th- p (m)^th- p (m) nietric and 
VoIqi^ be the density associated to Gp metric. Then 

Xs k ' a (a) := lis (a) h k<a (s) for k = 1,2, ... ,n and a = 1, 2, . . . , d 

is a basis for T„Hp{M) and we define 



Pv 



= 1 , 2 , . . . , n 
a = l,2,...,d 



Vol Glp {{X h ^} rJi 
^({Gi (X^,X^^)} ik aUk , tal) ) 

^det({G£ (^■■,^'-')}(M),(*'.a' ) ) 



(2.5) 



The relevance of this definition is contained in the next remark. 



Remark 2.7 First off, it is well known (and easily verified) that the pp (a) defined in Equation 
\2.5\) is well defined independent of the choice of basis {hk, a } *=i,2,...,n . Secondly, if v-p and are 
the measures associated to G 1 \t h v (m)®t h v (m) an d Gp respectively, then dvp — pp ■ dv G i^. 
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From [AD99j , we know the limiting behavior of the measure Vg\, ■ Hence, our proof that v-p has 
a limit will break into two parts. Very roughly speaking we are going to first show that {pp : V} 
is uniformly integrable and then we will show that Umipi^o Pv exists in /i-measure. This rough 
outline will have to be appropriately modified since {p-p : V} are functions on different probability 
spaces for each V. This will be remedied by pulling pp to classical Wiener space (W (T M) , p) 
using Cartan's rolling map and the natural piecewise linear approximation map from W (T a M) 
to Hp (T Q M). We will identify T (M) with R d . 

Before we move on, we would like to point out that pp o cj> is only defined on Hp(R d ), which 
has /z-measure zero. 

Definition 2.8 Let {&( s )}s6[o,i] be the standard R d Brownian motion on (W(R d ), p) and V be 
any partition, i.e. b(s) : W{R d ) -> R d , 

b(s)(uj) := b(s,co) :— u>(s). 

By abuse of notation, define bp : W(R d ) — > Hp(R d ) by 

bp (a) = b(si-i) + (s - s i-i)^^ */ s e ( s i-i, Si] 

where A^b := &(sj) — &(sj_i). We will write b n — bp n ifP n = {0 < — < • • • < — = 1} is an equally 
spaced partition 

Thus by composing with bp, we can now view pp o <j> o bp as a random variable on (W(R d ), p). 



3 Uniform Integrability of {p n o (f) o bnj^i 

We will first show that pp o (p o bp is uniformly integrable. But first, we need to write down a 
formula for pp. 



3.1 A First Formula for p n 

We will now only consider equally spaced partitions V n = {0 — so < s% < S2 < ■ ■ ■ < s n = 1}, 
such that A,s = i, i = 1, . . .n and write p n — pp n . Let a £ Hp n (M) and consider co = cf>~ 1 (o~). 
On each Ji — (sj_i, Si], i = 1, 2, . . . , n, u)\ :— a;'(sj_x+) is a constant. Thus A^u; := i^A^s. 

From Proposition 12. 5[ we know that for s 6 Jj, for each h such that X h G THp n (M), h(u, s) 
satisfies the ordinary differential equation 

d 2 h(uj, s) 



ds 2 



tou(s)(Vi>h(u>,s))u)i. (3.1) 
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Let {e a }^ =1 be the standard basis for M. d and for i = 1,2, ... ,n, let 




Then {ej )(t } 4=1, ...n is an indexing of the standard basis for M. nd such that all the components of 
e^a are except at the a + (i — l)d position, which is 1. 

Notation 3.1 Let hi, a (uj,s) denote the continuous function in R d which solves Equation i3. 1}) on 
[0, 1] \ V n and satisfies 



It is easily seen that {hi a } 4=1 n forms a basis for tf>~ 1 (T$( u i )H'p n {M)) — TH-p n (R d ) = H-p n . 

Further let Q n denote the nd x nd matrix which is given in d x d blocks, Q n := {(Q"^)}^ k=1 , 
with 



Notation 3.2 Unless stated otherwise, upper case letters without a superscript n will denote dxd 
matrices. Upper case letters and scripted upper case letters with a superscript n will denote n x n 
block matrices with entries being dxd blocks. We will reserve X n and I for a nd x nd identity 
matrix and a d x d identity matrix respectively. Matrices with a superscript T will denote the 
matrix transpose. To avoid confusion, we will use Tr and tr to denote taking the trace of a ndx nd 
matrix and a d x d matrix respectively. 

b will denote a standard d - dimensional Brownian path in M. d . For a piecewise continuous function 
on [0,1], we will use the notation f(s+) = hm r ^ s /(r). We also let (•,•) denote g(-,-)\o at base 
point o. 

Remark 3.3 All norms used for matrices will be the operator norm. Norms used for vectors will 
be the euclidean norm. 

Lemma 3.4 The relationship between p n o <fi and Q n is 



hi, a (u,0) = 0, and h' la (uo,s^i+) = Sije a for j = l,...,n. 




Pn°(t>= Vdet (nQ n ). 



(3.2) 



Proof. Observe that 




(2mfcH e a, e c 



> = (CM e M) e, 



m.c 
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Hence 

\Vol v ({X hk « : k = 1,2, . . . ,n, a = 1, 2, . . . , d}) \ := y'detjG 1 (X h ^,X h ^)} 



= VdetQ". 

On the other hand, 



i=l 



= X]^M( W ' S i-l+)' /l m,c( w 5 Si-l + )> A » s 
i=l 

= y]Sk,jS m ,i{e a , e e ) A;s = £fc, m £ a ,cAfeS, 
»=i 

i.e. {Gp = il" and hence 



: k = 1,2,..., n,a = l,2,...,d})| := W det {G^ , X /lm <=)} 



\ <=i 



Hence it follows that 

Vdet Q n , 
p n °4>= i = = V det(nQ r ' 



Our next goal is to estimate the size of det (nQ n ). For this we are going to apply Proposition 
IC.2I in the Appendix as follows. For a > 1, to be chosen later, we have, from Equation (|C.4[) with 
M = nQ n , that 

det (nQ n ) < a nd exp (a" 1 Tr {nQ n - X")) = a nd exp ^a' 1 tr (nQ™ m - 7) J 

^a^exp^a-M^ ||nQ^ m - /|| J , (3.3) 

where we have used Equation (|C.2|) of Proposition IC.ll in the last inequality. So according to 
Equation (|3 . 3|) we need to estimate \\nQ^ nm — I\\ for each m. The first step in the process is to 
record a formula for <2™ . 
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3.2 A Formula for Q n 

Notation 3.5 Given any partition, V := {0 = sq < si < ■ ■ • < s n = 1} of [0, 1] , j £ {1,2, ... ,ri} , 
and s £ [0, 1] , let 

!0 «/ s < Sj_x 
S-^-l if S£jj • 
AjS i/ s > Sj 

Definition 3.6 For i = 1, 2, . . . , n and < s < AjS, Zet 

A ( (w,s) := fi u ( Si _ 1+s )(u4 (3.4) 
and C, (a;, s) and 5^ (w, s) be the End (R d ) - valued functions determined by 

d ^ = Ai(uj, s)d (to, s) with d {lu, 0) = I and C[ (lu, 0) = 

and 

l J~ 2 ' - = Ai(ui, s)Si (lu, s) with Si (to, 0) = and S[ (lu, 0) = /. 

Let K > be a constant such that 

|| A(lu,s)A iS 2 || =|| fi u(sj _ 1+s) (^,-)^ || A lS 2 
< K || AiU || 2 . 

Refer to Section W\ of Appendix for the existence of such a K . 

Using this notation it follows that h(ou, •) is a continuous function which solves Equation (|3.1[) 
on [0, 1] \V n , then 

h(u>, s) — Ci(lo, s — s^_i) /i(u>, Sj_i) + s — Sj_i) Sj_i+) when s € Ji- 
Notation 3.7 For to, Z £ {1, 2, . . . , n} and d x d matrices, {Mk}2—i , let 

m 

l[M k . 

k=l 

With all of this notation, we may write /i^ a (lu, s) as in the following lemma. 



/ if to < I 

M m M m -! . . . Mi +l Mi if m>l 
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Lemma 3.8 Continuing to use the notation introduced above, we have 



h m , a (uj,s)= JJ C k (oJ,[s] k ) 



,fe=m+l 

if s < s m _i 

Cj(w, s — Sj-i)V m j (w) e a if s £ Jj and j > m + 1 



where 



' 3-1 
.fc— m+l 



S m (w,A m 8). 



Differentiating Equation §3. 



Ka.a ( W > s ) = Ijm 0) ■S'm ( W > S ~ S ™-l) e " + X ^ ( S ) C 'j-( W ' S " Si-l)Knie . 

j— m+l 



From Equation (|3.8|) . we learn that 

(2LM e «. e c) = y (S'ro ( w > s - Sm-i) e OJ 5^ (w, s - s m _i) e c ) ds 

+ ^ / s-Sj-i)V r TO j(a;)e 0) C'j(a;,s-Sj_i)F rn:; -(a;)e c )ds 
- — • ■> -h 



j — m+1 

f A m s 



S'm ( W ' S ) T ( w > s ) rfs e «. e c 



j=m+l \ 



(7'(w,s) T C'-(a;,s)ds 



V mj {uj)e a ,e c 



and hence we have shown, 

(<*>, s f S' m (w, s) ds + ^ V Zj( U 



pl/n "■ p L/n 

= / S;„(c, s ) T S r '„(a,, s )d s + ^ / C' j (u,8) T C' J (u,8)ds 

Jo „•_, L1 Jo 

Noting that 



• l/r, 



V mj (w). 



j-1 



k—m-\-l 



\\V mj (u)\\ = \\V^(u)\\ < ||5 m (w,A m s)|| 2 \\C k (u,,A kS )\\\ 
it follows from Equation (|3.9|) that 

||n(2^ m -/|| < A m + B„ 



15 



where 



r 1/n 

A m (u):=n S' m (u;,s) T S' m (LJ,s)-I 
Jo 



ds 



(3.11) 



and 



j'-i 



(w, A m s )|| 2 H ||C fc (w,A fc s)|| s 



rl/n 

/ c;-(w,s) T c;-(w, s )ds 

Jo 



< 



n j-1 -l/ n 

]T \\S m (u;,A m s)f J] HCfc(w,A fc *)|| 2 n / ||C$(w,s)fds. (3.12) 

=m+l fe=m+l ^° 



Thus we are now left to estimate the quantities comprising A m and 2? m . 
3.3 Estimates for Solutions to Jacobi's Equation 

Remark 3.9 In what follows we will make use of the following elementary estimates without 
further comment. 

1 cosh r - V°° < V 00 - p l2 /2 

1. COSnX — 2^n=0 J2^. - l^n=0 2"n! — e 

2. cosh a; = cosh Id = eM + e — < so that 



cosh a; < min 



in (V 2 / 2 , e l*l) , 



and 
3. for x > 0, 



sinhx = / cosh t dt < / cosh x dt — x cosh x. 
'0 Jo 



T/izs estimate is also easily understood using the power series expansions for sinh and cosh . 



Lemma 3.10 (Global Estimate) Let A(s) be adxd matrix for alls >0 7 k:~ sup s>0 ||A(s)|| < 
00, and let Z(s) be either a M. d or d x d matrix valued solution to the second order differential 
equation 

Z"{s) = A(s)Z(s). 



Then 



\Z(s) - Z(0)\\ < \\Z(0)\\ (coshes - 1) + ||Z'(0)|| 



sinh t/ks 



(3.13) 



16 



Proof. By Taylor's theorem with integral remainder, 

Z(s) = Z(0) + sZ'(O) + [ Z"(u)(s - u) du 
Jo 

= Z(0) + sZ'(0)+ { A(u)Z(u)(s-u) du (3.14) 



o 



and therefore 

\\Z(s) - Z(0)|| < s \\Z' (0)|| +k I \\Z (u)\\ {s-u) du 



< s \\Z' (0)|| + k I \\Z(u) - Z(0)|| [s - u) du+ \s 2 k ||Z(0)|| 



:=/(*). (3.15) 

Note that /(0) = 0, 

f'(s) = \\Z'(Q)\\ + k f ||Z(«) - Z(0)|| (s - u) du + ||Z(0)|| , 



/'(0) = 11^(0)11, and 

/"(*) = « || zoo - z(o) || + K ||z(o)|| < «/(«) + K ||z(o)|| . 

That is, 

/» = «/(«) + »?(«), /(0) = 0, and f(0) = \\Z'(0)\\, (3.16) 

where -q(s) := f"(s) — nf(s) < n ||Z(0)||. Equation ()3.16|) may be solved by variation of parameters 
to find 

f{s) = ||^ ( o)|| aMl f s + f Binh^-r)^ ^ 



< ||^(0)|| + ||Z(0)|| / .KMDhxXs- ,-),/,- 







= ||Z'(0)|| smh ^ s + ||Z(0)|| (cosh^ - 1). 
Combining this with Equation (|3. 15[) proves Equation (|3.13|) . ■ 

Theorem 3.11 Suppose that A(s) above satisfies, < — A (s) < kI for all s or equivalently that 
-nl < A (s) < for all s. Let 

cosh (s) 4 



ijj (s) := min 1 H s , cosh (s 

\ 16 

whose graph is shown below and C(s) and S(s) be the matrix functions defined by 

C"(s) = A(s)C(s), with C(0) = I, C(0) = 0, 
5"(s) = A(s)S*(s), wi& 5(0) = 0, S"(0) = 7. 
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Figure 1: Graph of ip. 



Then 



1. ||C(*)||<^(0"), 

2. \\S{s)\\<s^{yfcs), 

3. \\C'{a)\\ < Ksip (y/izs) , 
4- \\S' (s)|| < 1 + \ks 2 i\) (y/Ks) , and 

S' (sf S'( S )-I <l[) (y/Rs) KS 2 + i^ 2 {y/Os) «V. 

Moreover, if we only assume that ||yl(s)|| < K, all of the above estimates still hold provided that 
ip is replaced by cosh . 

Proof. If Z solves, Z" (s) = A(s) Z (s) , then iterating Equation (|3. 14[) shows 

PS pit 

Z(s) = Z(0) +sZ'(0) + / A(u) Z(0) + uZ'(0)+ A(r)Z(r)(u - r) dr (s-u)du 
Jo I Jo J 

= (l+ J (s- u)A{u)dv)j Z(0) + (si + J u(s- u)A{u) du^j Z'(0) 
(u — r)(s — u)A(u)A(r)Z(r)drdu. 



1 0<r<u<s 

In particular this shows 



C(s) 



I- I {s-u)[-A{u)]du\ + (u-r)(s-u)A(u)A(r)C(r)drdu (3.17) 

/ Jo<r<u<s 
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and 



S (s) = (si - J u(s - u) \-A{u)] du) + 
From Equation (jXTT]) , 
l|C(*)ll< 



>0<r<u<s 



r){s -u)A{u)A{r)S{r)drdu. (3.18) 



< 


7 + 


I 








< 


/ + 


I 









/ (u-r){s- u) \\A(u)A(r)C(r)\\ drdu 

J0<r<u<s 

cosh (t/ks) 
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Moreover, 



(l-K^\l = I-K J (s-u)du I<I + J (s — u)A{u)du < I 



< max ( 1, k— — 1 ] = l s 2< 



<4/k + [ - 1 j 1 S 2> 4 / K 



from which it follows that 

I + (s - u)A(u)du 
Jo 

and hence we have 

\\C (s)\\ < W /K + (4 - l) W /K + C J^1 K ^ < ! + £^Mfl K 



V. 



This is because /(s) = s 4 ^f| s 



. , |s — l^j = 1 + s 2 [s 2 co |g s — |] is an increasing function and for 

s > 2, /(s) > /(2) > 0.25. Recall that we also know that ||C(s)|| < cosh(y / Ks) and therefore 
have 



we 



- /' f S 2 \ COSh( J~KS) 2 4 

|| 6 (s)|| < mm ( 1 s 2< 4/k + I k— - 1 I l s 2> 4/re 4 — k s , cosh U /,>. 
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. / cosh (■s/ks) 2 4 / y— > 
< mm I 1 4 — k s , cosh [y/ns 



It will be convenient to define 



mm 



and hence 



cosh(s) 4 
1 4- — — — s ,cosh(s) 

||C( S )|| < ^(yfo). 



Similarly, from Equation (|3 . 1 8[) 



l|S(*)ll< 



s7 4- 









+ / u(a - u)A(u) du + / (u - r)(s - u) \\A(u)A(r)S(r)\\ drdu 



' Q<r<u<s 



< s 



I 4 — / u(s — u)A(u) du 

S In 



24 S 



[ sinh (t/k& 



In this case, 



1 r a 1 r 

— / u(s — u) du \ I < 7 4 — / w(s — u)A(u) du < /. 
s Jo / s 7o 
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Combining this with the previous equation shows 
\\S(s)\\<s 

< s 



< s 



1s 2 <12/k + \y K ~Q ~ ^ J 1 « 2 >12/k 

/ S 2 \ 

1s 2 <12/k + ( K ~^~ _ 1 J 1js 2 >12/k + 

1 CO^)^' 



k 2 4 sinh( v / «s) 

COSh(y / Ks) 2 4 
^T - ^ ^ 
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Since we also have 



||,S'(,s)|| < sinh (^ g ) < scos h(^ S ), 



we may conclude that 

|| S (s) || < sm in( ! + 

Furthermore, 



COS ^|q // ^ 5 ^ k 2 s 4 , cosh ) = (Vks) . 



I|C'(«) 



f A{r)C{ 
Jo 



r) dr 



< 



and 



I'm 

Jo 



1+ / ,4 (r) S (r) dr 



\\A(r)\\\\C{r)\\dr<Ksi>(y/Ks) 



<1+ ||A(r)||||S(r)||dr 



< 1 + K rip (y^tr) dr < 1 + - 



Finally 



and therefore, 



ds 



S' {sf S' (s) = S (s) 1 ' A (s) S' (s) + S' (s) r A (s) S (s) 



KS W [\/KS 



d_ 

ds 



S'(sfS'(s) 



<2\\S(s)\\\\A(s)\\\\S'(s)\\ 
<2||5( S )||||A( s )||||5'(.s)|| 



Integrating this equation then implies, 



S" (s) T 6" (s) - / < y 2nr^ (v/wr) ^1 + -/tr 2 ^ (v^r) ) 



= -0 ks 2 + -i/> 2 (\/ks) k 2 s 4 . 
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Proposition 3.12 7/||A(s)|j < k, then the following estimates hold: 



S' (s) - (i + J rA (r) dr^j 



I (s-r) rA (r) dr 



- ( !+ I (s-u)A(u)du 



< s 4 k 2 cosh (v^ks) 

< s 4 k 2 cosh (V^s) 
< s k cosh (\/ks) . 



Proof. Now 



S'(s)=I+ A (r) S(r)dr = I + A (r) 
Jo Jo 



S' (u) du 



dr 



1+ / A{r) 
Jo 



1+ I A(v)S(v)dv 
o 



du 



dr 



= I + rA(r) dr + A (r) A (v) S (v) dvdudr 

Jo Jo<v<u<r<s 

= I + I rA(r) dr + (r - v) A (r) A (v) S (v) dvdr. 

Jo Jo<v<r<s 



Thus 



S' (s) - ( I + I rA (r) dr 



< (r — v) k 2 v cosh {\/kv) dvdr 

< s 4 n 2 cosh (-\/ks) , 



(3.19) 

(3.20) 
(3.21) 



Integrating this estimate implies 

S (s) - Is - / (s - r)A(r)dr < s ■ s 4 k 2 cosh 
Jo 

which is equivalent to Equation (|3.20p . Similarly from Equation (|3.17[) we have 

C(s)-(l+[ (s - u)A(u)du J = [ (u-r)(s~u)A(u)A(r)C(r)drdu 

\ Jo J Jo<r<u<s 

< s 4 n 2 cosh 



Definition 3.13 Let 

h(t) = jlni/) (Vtj = r 1 ^ | min|l + t 2 , cosh (Vi 



whose graph is given in Figure^ 



2 ^ 2 )^( s ). 
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Figure 2: Here is the graph of h (t) . 



Let ip be a function, which we will specify shortly, such that ip > ip. Further let g (t) := 
\ ln<£ [s/i) so that tp (s) = e^ 9 ^ and define 

We will specify <p (t) by requiring g (t) to be a smooth function such that g (t) = h (t) for t near 
zero which then rises rapidly to a height of .6 as t increases. For later purposes, let us observe that 
with this definition tu (t) is bounded by .63 as the graph below indicates. 



Figure 3: Graph of tu (t) and the line y = .63. We see that tu (t) < .63. 
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3.4 Proof of Uniform Integrability 



Proposition 3.14 Suppose N is a d - dimensional standard Gaussian normal random variable 
and G (x, \\N\\) is a C 1 - function in x e (— e, e) such that G (0, ||iV||) = 0, 

a := sup {G (x, t) : x e (— e, e) and t > 0} < ^ 

and there exist constants C < oo and /3 < oo such that 

dG 

G x (x, t) = — (x, t) < C (1 + tf for x e (-£, e) and i > 0. 



T/ien 



lim (E ^M^^On 



C E ||Ar|| 2 G x (0,||W|| 



Proof. Let 



Since 



and 



/(x) :=E e ll^ll 2 G(^IUv|t) 

e l|iV|| 2 G(x,||JV||) < e a||JV|| 2 



G x (x, ||7V||) ||j\r|| 2 e IWI a G(*.ll"ll) < C(l + ||7V||) /3 ||7V|| 2 e Q H N ll 2 

with the right hand members of these inequalities being integrable functions, it follows that / (x) 
is a C 1 - function for x near with 

f'(x)=E\G x (xM\)\\N\\ 2 e^ 2G ^ N ^ 



In particular we have / (0) = E 



3 ||JV|| 2 G(0,||N|| 



= 1 and 



/' (0)=E G x (0,\\N\\)\\Nf 



Therefore, 



lim fE^llM^.I^Dir = lim (/(n- 1 )) 1 ^ lim e" ln '("") = lim e^ 1 "^ 



lim e /,(x)//(a:) = e /,(0) = e E[G x (0,||7V||)||Ar|| 2 ] _ 



Theorem 3.15 Suppose that (M,g) is a Riemannian manifold with non-negative sectional curva- 
tures which are bounded above by K = Then for all p sufficiently close to 1, 



supE 



dct p / 2 (nQ"ofe„) 



< oo. 
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Proof. For u £ H v (R d ), from Theorem ETQ 

-l/n 



ds 



A m (uj) = n I S' m (w, s) T S' m (u, s) - I 
Jo 

< i> (sfK ||A„a>||) K\\A m uj\\ 2 + ^j 2 (V^||A m o;||) K 2 \\A m Lo\t , 
and if we write Tj{ui) = vK \\A.j&\\, 

n i- 1 pX/ti 

B m (uj)= \\S m (u,A m s)\\ 2 J] \\C k (Lu,A k s)\\ 2 n / ||C$(w, s)f ds 

A — ™ I 1 1 ^ II JO 



j—m-\-l 



k—m-\-l 



n 



< J2 (A m s)V(r m H) 

j— m+l 

3 



3-1 



n ^ 2 (^m) 



,fc=m+l 



^ 2 E 

j=m-\-l 



K2 e 



c— m 

n ^ (v^iiA fc o;i 



Hence if we let 



then 



:-n^ 2 (vxiiA fe cn) = n^ 



fe=i 



2if||A fctl ;|| 2 5 (X||A l - W || 2 ) 



A m (w) < a (a;) if || A m w|| 2 + -a(w)u (A-||A mW || 2 )K 2 ||A 
< a{uS) 



3 

,2 1 



A' IIA„+| J + -u(K\\A n M\ 2 \ K 2 \\A m uj\\ 



and 



B m (u) < a{uj)K 2 



j— m+l L^=w 



JJ u(V^||A fc w|| 



|A iW || 



71 

< aHif 2 £ II AM\) II A^|| 4 . 



3=1 



For uj e (W(R d ),pi), 

Aj&„(w) = Aib(u) = b(si)(w) - 6(sj_i)(w) = w(sj) - w(sj_i) = AjW. 
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Therefore, on 



(A m + B m ) O b 

171=1 

< ao b n • 



El=i K II A m 6|| 2 + \u (K \\A m b\\ 2 ) K 2 \\A m bf 



a o 



+K 2 nJ2l =1 u^K\\A m b\\ 2 ) ||A m &|| 4 

n r / 1 \ 

6n- X] K\\A m b\\ 2 +{-+n\K 2 u(yK\\A m b\\) \\A m b\ 



m— 1 



Now let a; = n 1 and N m :— y/nA m b, so that {-^Vm}m=i ^ s a collection of R d - valued indepen- 
dent standard normal random variables. With this notation we have 



Kx\\N„ 



Kx + K 



^ [A m + B m ) o b n 

m—1 

n 

< aob n ■ 

m— 1 
n 

= aob n - 

n 

= a o 6„ ■ ^ 

m— 1 

and therefore, using Equation ()3.3|) . 

det(nQ™ o b n ) = p n o(f>ob n 

< ( a" d exp ( oT Y d (A m + B m )) ) ° b n 



-n | K 2 u (xx||iV m || 2 )x 2 ||Ar m || 4 



K.r II. V, „|| 2 + X f i.T + 1 ) U (if £ ||iV m || 2 ) Jfl IIJV, " 1 



ix + l^(j^||iV m || 2 ) Kx\\N„ 



\N„ 



m—1 



< (ao6„)™ d exp (djh Kx + K Qx + 1^ u (ifa; ||iV m || 2 ) A"x ||JV„ 



where 



I^V„ 



(a o 6 n )" d - II V 2nd (VK \\A m b\\) = J] <p 2nd (VKi \ 

m—1 m—1 
n n 
= TT e 2nd/f||A m b|| 2 s (if||A m b|| 2 ) = "Q 2dK || N m \\ 2 g{Kx\\ N m || : 
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Let 6 (x, \\N\\ 2 ^j = x + (iz + 1) u (Kx ||iV|| 2 ) Kx \\N\\ 2 . Then, 

n 

det(nQ" o b n ) < J] e ^K\\N m f g (K X \\ Nm f) cxp ^ dK6 ^ ||jVm|| 2^ ||7Vm|| 

m— 1 

n 

[| exp (dJf [2 5 (a'x ||iV m || 2 ) + (x, ||iV m || 2 )] ||7V m || 2 



in— 1 



Hence 



E 



det p/2 (nQ n ob n ) 



exp dpi^T 



5 (A^||7V|| 2 ) +^(ar,||JV m || 2 ) 



Eexp (dp^-G(x,||7V|| 2 ) ||JV|| 



l/a: 



where 



G (x, \\N\\ 2 ) = g (Kx \\N\\ 2 ) +E+fl x+ V\ u (r x ||iv|| 2 ) Kx \\N\\ 2 . 

By our choice of g and hence u, we know 

3 (Kx ||iV|| 2 ) + -u (Kx \\N\\ 2 ^j Kx \\N\\ 2 < .6 + -.63 = .915 < 1. 

Therefore, for small x, G (x, ||iV|| 2 ^ < .92 < 1 for small x. Hence, if p is sufficiently close to 1, we 
will have 

dpK ■ G (x, \\N\\ 2 ) = X -yG (x, \\N\\ 2 ) < hp ■ 0.92 < i. 
Therefore we may apply Proposition 13. 141 to conclude that 



< lim 



lim sup E det p/2 (nQ n o&„) 
= exp(E \d P K-G x (0,||7V|| 2 ) ||7V|| 2 ]) 
= exp I E 



Eexp (dpK ■ G (x, ||iV|| 2 ) ||iV|| 2 ) 



l/x 



>ll>K(^\\Nf + \ + ±K\\N\\ 2 )\\X\\ 



< 00. 



4 Second Formula for p r 



Definition 4.1 For any e > and any partition V of [0, 1], let 



m 



,(R d ) = jw G H v (R d ) 



ds < e for i = 1, . 



= {uj e H v (R d ) I || Aioj || < e Vi}, 
where Aiu; = u)(si) — u(si-i). The second equality holds since w^(s) is a constant in Ji for each i. 



2G 



Remark 4.2 We will now consider all the u> G H^,(R d ), with e sufficiently small, specified in the 
next lemma. 



Lemma 4.3 There exists an e with V»=i n II ^ iUJ II < e suc ^ that for i = 1,2, ...n, Si(u>,s) is 
invertible for < s < AjS. 



Proof. From Equation (|3.13[) with n = r^xz | AiW || 2 , we see that 



|| Si (.,s) ||< ,s f ^h(^||A^|l) < scosh( ^n AjW y)) (4 . 1} 



. K || A.-w 

where we have used the inequality sh^le < cosh a;. By Taylor's Theorem with integral remainder, 

Si(uj,s) = sl+ / (s — u)S^ (to, u) du = si + / (s — u)Ai(u),u)Si(w,u) du. 
Jo Jo 

Now using Theorem 13. Ill 

(s — it)Aj(a>, u)Si(u>, u) du 



^ I {s - u) K } ucosk(^fK || A z lo ||) 



(A <S ) 

f / (s - u)u du") ^-J-^^ cosh(^ || A,w 
Wo y (A^s) 2 



s 3 K 



Aiw || 2 cosh(V^ || A t uj 



6 (A lS ) 2 
< sK || A 4 w || 2 cosh(V^ || A,uj 

Hence, if we choose an e such that for < x < e, 

Jfi 2 cosh(V^x) < 1, 

then 

Si(u, s) = s I H — / (s — u)Ai(u), u)Si(ui, u) du 
V s Jo 

is invertible for < s < A^s. ■ 

In order to compute lim„ _>o Pn; we wn l first derive another formula for p n . Dehne a set of 

tangent vectors {/j )Q (u;, s)} »=i,2 n on T w iJ|,(K d ) such that f^ a (uj,s) is the solution to Equation 

(|3.ip with the given initial conditions 

/e lO (w,0) = 0, 



for j = l,...,n, 



e tt) J = « 

/(a( w > Sj-0 = "( -Fi(u) e a , j = i + 1 
0, otherwise. 
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where 

Fi(u) := (S. l+1 (uj,A. l+lS )y 1 C l+1 {u,A l+lS ) Si(w,Ai«), (4.2) 

where Si and Cj are as in Definition 13.61 By Lemma 14.31 we can choose an e such that Fi(u>) is 
defined on H^(R d ). Therefore, 

Si(u), s - Si_i) e , s € Jj 

/i,a(^,s)=^ C i+ i(uj, s - Si)Si(v, A,s) e a - s - Si)Fj(w) e a , s£ % 

0, otherwise, 

and hence 

!Fu(u,s) e a , s e Ji 
F i+ i,i(uj, s) e a , s e J l+ i 
0, otherwise, 

where for i = 1, . . . ,n, 

Fu(uj, s) = S-(u, s - Si-%), 
F i+lt i(u},a) =C' i+l (w,s- Si)Si(u,Ais) - S' i+1 (oj,s - s^F^lj). 

Remark 4.4 For all a 6 H^(M), the vectors, {X^ i a (a)} i=i,...,« form a basis for T a H^,{M), 
where a = <p{u>). 

At this point, we will now assume V n — {si — ^}™_ and A = 1/n throughout this section. 
We may now write 

s) = [l Jt (s) Sl(w, s - + l Ji+1 (s) V( +1 (w, s - 8i )\ e a (4.3) 
where V\ = = V n +i and for 2 < i < n, 

Vi (uj,s) := Ci(uj,s)Si^i(uj,A) - S l {u>,s)F i - 1 (uj) 

and 

Fi(u) :=S i+1 (u J ,A)- 1 C i+1 (u;,A)S i {u; i A). (4.4) 

Observe that 

Vi (uj, A) = d (u, A) (w, A) - ^ (w, A) 5, (w, A)" 1 C 4 ( w , A) («, A) = (4.5) 
and that 

7<(w,0) = S(-i(w J A). (4.6) 



28 



Lemma 4.5 Continuing the notation above, we have 



[ </o, s ),/j>, s )) ds 

Jo 



= < 



Jo s)e a , V{ (us, s) e c ) i/j = i - 1 

Jo [(^(w^KA' ( w > s ) e c) + (w,s)e ,y/ +1 (w,s)e c )] ds if j = i 

St( v Ui( w > s ) e «' s 'i+i ( w ' s ) ec ) ds = * + 1 

otherwise 

J A (e a , S'i(u, s) T V( (u, s) e c ) ds i/j = i - 1 

J A ( e «' S ) T ^' ( w ' s ) e ^> + ( e «> v l+i ( w > S ) T W+l ( W > s ) e c) ds if 3 = i 

ft ( e a, V( +1 (w, s) T S' l+1 (w, s) e c ) ds if j = i + 1 

otherwise. 



Let us define the block matrix function of s e [0, A] by, 

r§ (w, s) = ( W , s) + <^ +1 v/ ( W , s) 

or equivalently as 

^ S[(lj,s) ... 

V±{uj,s) S' 2 {lo,s) 

.r ; U'..s) := o ^(^,s) ••• ! 

: '•• '•• '•• 

... V>(u,s) S' n (",s) 



where 



V!(u>,8) := C'i(u), s)Si-i(w, A) - 



(4.7) 



Remark 4.6 Mien w^Oaie have S t (0, s) = si, C t (0, s) = I, F t (0) := A' 1 1 A = I, V l (0, s) := 
AI - si, and T n (0, s) = T" w/iere % 7 f = (<% - 5 iJ+1 ) I, i.e. 



T n (0, s) = T™ := 



/ ... 

-II ... 

-I I '■■ : 

: '•• '•• '•• 

... -II 



(4.8) 
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It is also worth observing that 



r>,o) := 



/ ... 

-F t (uj) I ... 

-F 2 (uj) I '■- : 

1 '■. '•. '•. 

... -F n -i(w) I 



or equivalently that 



F£ i {u,Q) = 8 ki I-5 i , k - 1 F i {u) 



(4.9) 



(4.10) 



Theorem 4.7 Let T n (s) y - = (s) + 8 id+l V( (s) (See Equation (|4"7]l.) TTiera 



det 



</i«(w,*),/i,c(w.*)) ^ 



(4.11) 



and hence 



det E A M = A " d < 



»fe=l 



1 



A 



(A, o 0) z (w) = det - / (^» (w, s)) J ^" (uj, s) 



(4.12) 



(4.13) 



Proof. Since 



(^5 (w, s)) T = SijS't (uj, sf + 5 U+1 V; (uj, »)' J 



[(^ ( W ,*)) T ^(a;, a )].. 

y5 ik S l (uj, s) + S k ,i+iV k (uj, s) S kj S k (uj, s) + 5 k ,j+iV k (uj, s) 



SijSl (oj, s) T S, (uj, s) + 5 itj+1 S'i (uj, s) 1 V k (uj, s) + S l+1 ^V- +1 (uj, s) 1 S l+1 (uj, s) + (uj, s) 1 V( +l (uj 



T a ' 



S'i (oj, s) 1 S t (uj, s) + V7+i (uj, s) T V( +1 (uj, s) + Sij+tS'i (uj, s) 1 V- (uj, s) + 5 i+ ijV( +1 (uj, s) 1 S' i+1 (uj 



= 5, 



So comparing with the results from Lemma [43] it follows that 

W*-)(«)-jf,(^,^)<. 

(fl a (u,, s), s)) ds = J (e a , [(F 1 (uj, s)) T T n (uj, s)]. 



ds, 



from which Equation (|4.1ip follows. 
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, ■ e < 
11] 

k=l 



In order to prove Equation (|4.12p we begin by observing that 

A',a( W ' S *:-l+) = [Lji ( s k-l+) S'i(u, Sfe_l - Si-l) + (Sfc-1+) Vj' +1 (w, Sfc_i - Sj)] e a 

- [SikS'tiu, 0) + (w, 0)] e Q 

= [($«/ - di^xFi (u)] e a = Tf k (w, 0) e a 

where the last equality follows from Equation (|4. 10[) . Hence it follows that 

n n 

= £</<,„(<"' s ^i+)' Sfe-i+))A = A^ (w, 0) e a ,T%i (w, 0) e c ) 

fc=l 

n 

= A J] <e Q , ( w , 0)) T ^- ( w , 0) e c ) = A (e , ( w , 0)) T ^" ( W , 0)] 
and therefore 

det ^|E^a( w '^- 1+ )-^>'^- 1+ ) A ]J -det(A(^"( w ,0)) T ^"(^0)) = A 
Equation (|4.13[) now follows from Equation (|2.5p . 

4.1 Some Identities 

Definition 4.8 For rea/ square matrix functions, A (s) and B (s) , o/se [0, A] , Zet 

(A) : = 



■nc/ 



(A) :=- / A(s)ds 



Cov (A, B) = ~J\ (sf B (s) ds ~(^J q A A (s) ds^j jf * fl («) 

Notice that (A) and Cov (A, i?) is again a square matrix. 

The following proposition summarizes some basic and easily proved properties of Cov (A, B) . 
Proposition 4.9 The covariance functional, Cov, has the following properties: 

1. Cov (A, B) is bilinear in A and B. 
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2. Cov (A, B) may be computed as 

Cov (A, B) = ±J [A (a) - (A)f [B ( S ) - (B)] da 
= ([A(-)-{A)f[B(-)-{B)}). 

3. Gov (j4, B) = if either A (s) or B (s) is a constant function. 
4- Cov (A, A) is always a symmetric non-negative matrix. 

Note : To simplify notation, for the rest of this section we will typically be omitting the 
argument, cj, from the expressions to follow. 



Definition 4.10 Define Q n (s) := T n (s) - T n = T n (s) - T n (0) , i.e. 

Ql (s) = Sa [S[ (a) -l]+ 5 iij+1 [V( (a) + I] 

= 5 l3 \s[ (a) -l]+ 6 iJ+1 [C'^S^iA) - S'^F^ + I] 



Also let 



y n ■■= (G n ) = -^J A G n ( s ) ds - 



Lemma 4.11 Let VJJ = S tJ ±S t (A) , i.e. 



V™ := — 
' A 



Si (A) 
S 2 (A) 







S n (A) 



and Dg. := 5 i3 [±Si (A) - /] , i.e. V n = V" - T l . Then y n = T n V n and 

({F l ) T r i ) = (T™ + y n f (T™ + y n ) + cov {g n , g n ) 
= (v n ) T (T n ) T T n v n + Cov (g n , g n ) . 



(4.14) 



(4.15) 



(4.16) 



(4.17) 



Proof. By the fundamental theorem of calculus along with Equations f|4. 5[) and (|4.6[) we have 



y 



1 

ij - ^ 
1 



(<% [fii (*)-/] +6 iij+1 [V! (a) + I}) ds 



(Sa [Si (A) - I A] + 5 id+1 [V t (A) - V % (0) + AI]) 



= Si 



\Si(A) - 




\Si-i (A) 1 


A 




A 
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On the other hand 

(T n V n )^ = ]T [6 ik - 5 i>k+1 ] I5 k3 



A 



S k (A) - 1 



= Si. 



■£Si (A) - 1 



- 8i-i,j 



-S^ (A) - / 



= y T: 



The second assertion is a consequence of the following simple manipulations, 
({T n ) T T n ) = l(T n + G n f (T n + Q n )} 

= (r n ) T T n + (T n ) T y n + {y n ) T r n + {{g n ) T g n ) 
= (T™ + y n f (T™ + y n ) + ({g n ) T g n ) - Qrfy 
= (T™ + y n f (T™ + y n ) + cov {g n , g n ) . 

This completes the proof since 

T" + y n = T" (2 n + V n ) = T n V n . 



Corollary 4.12 Letting M n = Cov (g n , g n ) , 

r i ... 

II '•- : 

: '•• '■• 
I ... I I 

and V n be as in Equation dropping the superscript n, we have 

(T T T) = V T T T (l + S T (V^'MV-^j TV 

and 

det {{T T T)) = [dct(V)] 2 • dct (l + S T (V T )~ 1 MV^S 



(4.18) 



(4.19) 



4.2 The Key Determinant Formula 

Our next goal is to expand out V" and ((V") T ) 1 A^ n (V" 1 ) -1 in powers of w. It turns out that we 
need the expansion of V™ to order || lo || 3 and ((V") T ) 1 .A4 n (V™) _1 to order || lo || 5 . 

Notation 4.13 Recall the definition of Ai(u>, s) in Equation Jff.^p . We will write Ai(0) = Ai(u, 0) 
and also Ai(t) — Ai(u),t) to simplify the notation. And when we write y = 0{x), we mean there 
exists some constant C > independent of i, n and lo such that || y ||< C || x \\. 
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Proposition 4.14 There exists a C < oo such that the following estimates hold for < s < A: 



Si (a)- (l+\Ai (0) S 2 ) 
Si(s) 



- [I + -Ai (0) s- 
s \ 6 



Ci(a) 



I+\Ai (0)s 2 



< C II A z u 



< C\\Aiu\ 



< C || Ajtj|| and 



\\C' i (s)-A i (0) s \\<Cs- 1 \\A i u\f 



In the sequel we will abbreviate these type of estimates by writing 

Si (a) 



Si(a) =I+±M0) * 2 + o(||A i o;|| 3 ), 



I+-Ai (0) s 2 + O (\\A 1 uj" 3 
so V 

a (s) = I + X -A t (0) s 2 + (ll A.^|| 3 ) and 
C' l (s)^s- 1 [A, (0) s 2 + O (||A^|| 3 ) 



(4.20) 
(4.21) 
(4.22) 
(4.23) 

(4.24) 
(4.25) 
(4.26) 
(4.27) 



Proof. Let (IM;)(a/(s) 



-£l u {si-i+8}- Since M is compact, there exists a constant 



C > such that sup M 



eo(M) 



DO.,, II < C. Then 



Thus 



|| (DA 1 )(uj'(s),uj'(s), -)uj'(s) || < ^ (|| (DAiXAiU, ||) 



' ^3 II A ^ 



J°r A(0) + jT 4(i)d* dr=^(0)s 2 + o(||Aia;|| 3 ) 



rAj (r) dr = I r 
io Jo 
and similarly that 



i/ ( S -r)rAi{r)dr=- s f (a - r) rA, (0) dr + O (||A^|| 3 ) 



- (0).s 2 + o(||A^|| 3 

and finally 

J (a - u)Ai(u)du = J ( 8 - u)Ai(0)du + O (j| A;w|| 3 ) = ^A, (0) s 2 + O (||A;w| 

Combining these results with the three estimates in Proposition 13 . 1 21 with k := K ||w,J|| 2 proves 
P~2"0"|) - (H22). For Equation (g^5]) , we have 



C? (a) - / (r) (r) dr = 

Jo Jo 

= Ai {0) a + a^O (\\Ai0J 



Ai(0) + / A' t (t)dt 
o 



I + 0{ \\AiU) 



dr 



as desired. 
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Corollary 4.15 With V n = l n + V n as in Equation fijlb] ) we have 

VS = *ti + (0)A 2 + ^(A) 



where 



and || ^(A) ||= O ( ||A<a; 



(> 



%(s ) := ^£)_( J + U(0) S 2 

s V 6 



Lemma 4.16 The function, Fi in Equation \4-.J$ satisfies, 

F t = I + iA 2 (0)A 2 + ^A i+1 (0) A 2 + (|| A^|| 3 V || A l+1 ^|| 3 



Proof. In order to simplify notation, let a,i := Aj (0) A 2 and ft = || Aiw|| 3 . Then 
f i = S i+1 (A)- 1 C i+1 (A) 5 l (A) = f^±^V 1 a +1 (A) 



/ + jU+i + O (A+i)) + \<H+x + O (A+i)) fl + -a* + O (ft) 
I - \a l+1 + O (ft+i)) fl + ^04+1 + O (ft+i)) f I + + O (ft) 

7 + ( \~ I) ai+1 + \ ai + A ^n 3 ) + Aj+iw|1 



which is equivalent to Equation ()4.30D . 



Theorem 4.17 Let 



H% (s) := S t] A t (0) — + 



A 2 



Ai (0) ( sA - - - — I - Ai_! (0) — 



A 2 



and Tg (s) := (s) - W§ (s) . T/ien ||Tg (s)|| = O ("||Ai-iw|| 3 V ||A^|| 3 ) and since 
unless i G + 1} , it follows that 

Q n (s) = H n (s) + T n (s) and ||T n || = O ( \/ ||A iW 



Proof. Let 7 4 = ||Aj_iw|| 3 V ||A, t tj|| 3 . By Proposition [4TT41 and Lemma KW{ 
Cj(s)5<_i(A) = U (0) s A + of||A.^|| 3N )l A- X ^_!(A) 



(0) sA + OgiA^I 
Ai (0) sA + O ( 7 i) 



J+~^_i(0)A 2 + o(||A,_iw|| 
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and 



I + ±Ai (0) s 2 + O (|| A^|| 3 ) j (i + i^_!(0)A 2 + ±Ai (0) A 2 + O ( 7i ) 
A 2 



= 7 + A i _ 1 (0) — + Ai (0) ^_ + _) +0 ( 7l ). 
Combining the last two equations shows, 



(4.33) 



Vf (s) = CKs)-Vi(A) + 7 - 5^(8)^-1 



A; (0) sA 



2 3 

This equation along with Equations (|4. 14[) and (|4.24p shows 
Ql (a) = S l3 Isl (s) -l]+ S iJ+1 [VI (s) + I] 



Ai_! (0) ^- + O (HA^io;!! 3 V IIA^H 3 



= 8 t 



+ 0~i,j+l 



A, (0) s l + o(\\AMf) 
A, (0) (sA - y - ~ Ai - 1 (0) T + (ll A - lCJ H 3 v H A * W H 



(4.34) 



= ^-( S ) + 0(||A^ 1 a;|! 3 V||A 4 a;|| ; 



Theorem 4.18 The matrix M n of Corollary \4-12\ satisfies, M n = C n + £ n where £ n is a tri- 



block- diagonal matrix such that 
block-diagonal matrix given by 

. A 4 



= O 



fVj=i n II ^ iU} II 5 ) an d C n is the non-negative tri- 



n n 



„— [A* (0) + A 2 +1 (0)] 



360 



[S lJ+1 A 2 (0) + ^-_iA|(0)] A 4 



where ^4 2 +1 (0) := 0. Equivalently, 



360 M 2 



360 °2 U 

^(a 2 . + a 2 ) -^a\ 

360 "3 



\ 







i 2 ) -3-a 2 

l n) 360 "n 



V 



45 \ u n-l 

360 "n 45 "n / 



(4.35) 



where as before, := A, (0) A 2 . 
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Proof. Since Q n = H n + T" with \\H n \\ = ( V i= i,...,„ ||A,-a;|r) and 
|T n || = f\/ i=1 ... „ ||A^|| 3 ) , it follows that 



M n = Cov (g n , g n ) = cov {n n + r n ,n n + r n ) 

= Cov (H n ,H n ) + Gov {H n , T n ) + Cov (TT\ TL n ) + Cov (T n , T") 
= Cov (H n ,H n ) + £ n = C n + £ n 

where C n := Cov (H n , H n ) and 



£ n = Cov(W",T n ) + Cov(T",W n ) + Cov(T n ,T") = O ( \/ ||A lW | 

i 2— 1,. . . ,71 



Since H n = JC n + C n where 



K% (s) := SijAi (0) - + ^-+1^(0) 



sA - — 
2 



and C n is the constant (in s) matrix, 



A 2 A 2 ' 
^ (0) — + (0) — 
3 6 



it follows, using Proposition 14. 9i that 

C n = Cov (H n ,H n ) = Cov 



Since 



we have 



i . i. 



(0)A 2 , 



jfe (a) := K% (s) - </C" ) 



SijAi (0) ( - - — 



■>i,j + l 



Let 



q = — -— , /3 = sA----A 2 . 
2 6 ' M 2 3 



By direct integration, we get 



1 

A 
1 



A 



ds = 



A /„2 A 2^2 A 4 

ds = 



1 / " / > 
A 



G 



^^i ^ 

1 /" A 

(a/3) = — / a/3 ds 
A J 



45 ' 

2 a 4 



, r 1. 2 \ " A 4 

sA A ds = — and 

2 3/ 45 



A / 2 



2 6 M 2 3 / 360 
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Then we may conclude that 



Cg = Cov (/C,K7% = £ ( (^ n ) T ) lfc = E ( 
= £ ( ^ a6ki + Afc (°) + A fc (°) 



A 4 7 

= 45 £ + *fc,i+i**J+i] A fe (°) + A4 ^7j £ [*w**j+l + 4, l+ i4j] 4 (0) 

ft ft 

= ^ (A? (0) + A 2 +1 (0)) + A 4 ^ + S i+ld ] A* (0) 

which is equivalent to Equation (|4.35|) . 

Putting together the previous estimates leads to the following key determinant formula. 



Theorem 4.19 As above, let S n = (T n ) 

1 „ , . , „ ( , 1 



j i s 



VTj = Sij + VI = Si^Si (A) = 5y 17 + -A, (0) A 2 + ^(A) 
C ij = ^ [4 2 (0) + A 2 +1 (0)] + ^ [«S iJ+1 A? (0) + Sij-iAl (0)] A 4 
where || 7ft (A) ||< C || A^u; || 3 ; C is independent ofi, n, u> and define 

U n ._ ^T c n s n^ (4.36) 

T/ien i/iere exists a tri-block- diagonal matrix £ n — £ n (lu) such that 

\\n\ = o[ v n A * 

V i=l,...,) 
and 

det (((^ n ) T ^)) = [det (V™)] 2 • det (2 n + U n ) • det (X n + A"") , (4.37) 
where X n := (l n +U n y 1 (S n ) T £ n S n . 

Proof. To ease the notation, we will drop the superscript n in this proof. From Equation 
(|4~T9| of Corollary |4T2l Corollary EH and Theorem HUH 

det {{T T T)) = [det (V)] 2 • det fl + S T (V T ) ~* (c + f) V _1 s) . (4.38) 

Now write V~ 4 = Z + \P, where 

oo 

4- :=2 (-!)"£>" 
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is a block-diagonal matrix satisfying, ||^|| = O f\/t=i n ll^i^llj ■ Hence for e > sufficiently 
small, if Vi=i n ll^ ia; l| 2 — e ' then ||V _1 || < 2. Furthermore, 

(v T ) _1 (c + f) v- 1 = (v^cv- 1 + (v r ) _1 £v -1 

= (X+* T )C(X+*) + (V T ) _1 £V _1 =C+f 
where £ is the tri-block-diagonal matrix defined by 

£ = C<5 + * T C + * T C* + (V T ) _1 £V^ 



and £ satisfies the norm estimate, \\£\\ = O ( Vt=i n I H 5 J • Putting these results back into 
Equation (14. 38[) shows 

det {{T T T)) = [dot (V)] 2 • det (l + S T [C + £} S) 
= [det (V)] 2 • det (X + U + S T £S) 
= [dot (V)] 2 • det Ul + U) {l+il + Uy 1 S T £S 

from which the desired result follows. 



5 Convergence of {p n o cj) o b n }™ =1 in ^-measure 

Recall that H%,(R. d ) was defined as 

H^{R d ) = {ujE H v (R d ) : || A;co ||< e Vi} 

where A^w = w(sj) — a;(sj_i). Note that V ra and <f" are only defined on H^,(M. d ) for some e 
satisfying Lemma |4~31 

Notation 5.1 By abuse of notation, we will now write Ai(u>, 0) = Ai(u) from now on. This 
should not be confused with the notation Ai(t) as described in Notation \4-lS\ where t € [0, —) and 
we suppressed the argument ui. 

Unless stated otherwise, we will only consider equally spaced partitions V n = {0 < — <■■■ < 
- = 1}. By Theorem l4.7l and l4.191 p n has been written as a product of 3 terms, namely [det(V™)] 2 , 
det(I™ + U n ) and det (l n + X n ) on Hj, n (R d ). We will now show that the determinant given in 
Theorem 14. 191 has a limit as \V n \ — * 0. The limit for each term will be computed in this order. 

The following theorem is the Wong-Zakai type approximation theorem for solutions to Stratonovich 
stochastic differential equations. This theorem is a special case of Theorem 5.7.3 and Example 5.7.4 
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in [Kun97j . Theorems of this type have a long history starting with Wong and Zakai WZ65l lWZ67| . 
The following version maybe found in [DH98 . 

Theorem 5.2 Let f :R d xW l -> End(R d ,R n ) and f : R d x R n -> M" be twice differ entiable with 
bounded continuous derivatives. Let £o € K ra and 6e any partition of [0, 1]. Further, let b and 
b-p be as in Definition \2.8\ and £p(s) denote the solution to the ordinary differential equation 

= + /<>(&(«)), M«) = Co 

and £ denote the solution to the Stratonovich stochastic differential equation, 

di{s) = f(Z(s))6b(s) + f (t(a))ds, £(0) = &>• 

Then for any a € (0, i), p€ [1, oo), there is a constant C(p, a) < oo depending only on f, fo and 
M so that 

E[sup || Cv(s) - |n<C(p,a)|7>r. 
s<i 

Definition 5.3 1. Let it &e the solution to the Stratonovich stochastic differential equation 

Su = H u u5b, u(0) = no. (5-1) 
Hence u maybe viewed as /i-a.s. defined function from W(M. ) — > W(0(Af)). 
U. Let :— 7r o n : — » W(M). TTiis map will be called the stochastic development map. 

The following facts will be stated without any proof. See [Dri92j. 



Remark 5.4 1. Using Theorem \5.2\ one may show that (j) is a "stochastic extension" of <fi, i.e., 
<f> = lirui'p|_ > o 0° b-p. Moreover, the law of 4> (i.e., \i^>~ x ) is the Wiener measure v on W(M). 

2. One can prove that u s — / / s {4>) where j j is stochastic parallel transport defined in Definition 

mm 

3. The law of u under fi on W(Mr) and the law of j j under v on W(M) are equal. 
Definition 5.5 Let < a < \ and define for V n = {0 = — <•••<- = 1}, 

W a (R d ) = I lu e W(R d ) 3 n(w) s.t. Vn > n(«), \/ || AjCJ ||< n a < e 

[ i—l,...,n 

for some e satisfying Lemma \4-3\ and uq : W a (R d ) — ► N by 

n (u>) := inf < n(u) )eN|Vn>n(w), \J \\ A,uj ||< n~ a < 

I i=l,...,n 
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Note that 



(W a (R d )) C = \lj € W(R d )\ \/ \\ A.lu \\> n- a i. 



Lemma 5.6 Let < a < |, i/ien 



//(W Q (R d )) = 1. 



Proof. Now 



weTy(K d )| Y || A,lu \\> n~ a 

i=l,...,n 



< 



1 



n -ap 



V ii A ^ 



< 



n -ap 



-E 



n, 



En A ^n p 

where C p > is some constant. Therefore, 

f> (<Le \/ ||Aiw||> 



< 



Q>E 



(l-a)p-l 



< 00, 



if p is sufhciently large. Hence by Borel Cantelli Lemma, 

H (^u;£W(R d )\ V || Ahj \\>n- a i.o.jj = 0, 

and hence the proof. ■ 

Using Lemma [5751 we can now extend the definition of det(V") and det(I™ +U n ) to be a /z-a.s. 
function. Let ui £ W a (R d ). By Dehnition 15.51 for n > no(u>), 

V || AiLj\\<n- a <e. 

i— 1,. . .,n 

Therefore 6 n (u;) € for all n > n (ui). 



Definition 5.7 Define 



det(V» o &„) = l { „> no} • det(V" o b n ) 



and 



det(T" + A"™) o b n = l {n > no} ■ det(l n + X n ) o b n 



Notation 5.8 Throughout the next few sections, let b(s) : W (R d ) — > R d be the projection map, 
b (s) (a;) = uj (s) for all < s < 1 and uj £ W (R d ) . Note that when W (R d ) is equipped with 
Wiener measure, fi, {b (s) : < s < 1} is a Brownian motion. We further let cj> n = <f> o &„ and 
= //(<f>n)- 
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5.1 Convergence of det(V n o b n ) 
Lemma 5.9 



^tr Mb n )A lS 2 - E Scal(<t> n (si-i))^j j — > 
/Li — a.s. as n — > oo. 

Proof. Note that 

Ai6„ = 6 n (sj) - 6„(si_i) = 6(sj) - 6(si-i) = A;6 

and 

A,(6„)A J s 2 = Un(s ._ l) ((&„)<, •) (6„)-A iS 2 = f2„ n(s ._ l) (A i 6„, -)Ai6„. 
Let Ric Un ( s ) :— Y^i=i ^u„(«) ("i e «) e «- Using the symmetry of i?ic, 

n n n 

J^tr A 4 (6„)A 4 s 2 = ^tr 0„ n(s ._ l) (A i 6 n , •)A l 6„ = - ^ ^RiCu^-^^iK, 

i—1 i—1 i—1 

n 

i=l 

By Ito's formula, 



Thus 



^c„ n(s ._ 1 )(6(s i ) - &(si_i)), &(si) - 6(sj_i)^ 
= 2/ /i?ic Un(s ._ l) ((6(s) - 6(sj_i)),d6(s) ) + / tr i?ic tln(Ss _ l) 

J Si-l J Si-1 

= 2 /i?ic Un ( Si _ 1 )(6(s)-6(s i _i)),d6(s)\+S'caZ(^ n (s i _i))A i s. 

J Si-! 

^tr ^(6 n )A J s 2 + S'caZ( ( /. n ( Sl _ 1 ))^ = ~ 2 ^ (^ c «„( Si -i)( & (s) - 6(a<_i)), <H>( 



i=l 

Define 

™ /-Si 



£« = 2 E / ( fiic »»(-*-i)( 6 (*)-6(*i-i)).*(*)) 
»=i "' s i-i 

= 2 (M„(s), db(«)) , 
Jo 
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where M n (s) = Y17=i l-7«( s )-^ c un(s«-i)(k( s ) — K s i-i))- To complete the proof, it suffices to show 
that £„ converges to fi-a.s.. We will make use of Burkholdcr's Inequality, 



E 



sup \M t \P 

0<t<T 



< CE 



where C is some constant. Thus applying this with T = 1 and p = 4, we have 



E |£„| 4 <E 



< E 



= E 



(C J || M„(«) || 2 cfe 

C 2 f || M„(s) || 4 ds 
Jo 



(By Jensen's Inequality) 



f 

: / II ^c OB(aj _ l) (6(«) II 4 ^ 

<=i 

= o(j[ 1 E 1 ^)E|l (*>(*) -&(*-i)) II 4 



Hence X^Li E|£ n | 4 < 00 and thus 



n — a.s.. 



Proposition 5.10 



a-a.s. asruoo. 



™ 1 r 1 

>^ 5ca^(0 n (si_i)) > / Scal(4>(s)) ds 



Proof. Note that we can write 



y]Scal(4> n (si-i))- = I lj^Scal^njsj-i)) ds. 

. ~ .In . . 



„1 n 

Since <f> n = <f> o b n — > in the sup norm /x-a.s. as n — > oo and 5caZ is a continuous function, thus 

n n 

y^l j i (s)Scal((j) n (si--i)) = E lj i( s ) Scal(<t> n (si-i)) - Scal(4>(si-!)) + Scal(4>(si-i)) 

i=l i=l 

— ► S*ca;(0(s)). 

Hence we can apply the dominated convergence theorem to obtain 

lim / lj i (s)Scal((j) n (si-i)) ds = / Scal(4>(s)) ds 
n ^°°Jo ~[ Jo 

a — a.s.. 
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Lemma 5.11 

n 

det(V^6„) = l { „>„ o} n det 

i=l 

/j — a.s. as n — » oo. 



/+-A i (6„)A i s 2 +r ?i (6 n ) 



e ~S Jo Scal($(s)) (is 



Proof. It suffices to consider on W a (l$L d ) with | < a < 5, since (W a (K )) = I. For 71 > no(-), 
write 





where r]i(b n ) was defined in Equation (|4.29|) and || T]i(b n ) \\= O ^Vj=i n II H 3 J- ^ ow usm S 
the perturbation formula in Equation (IB.2[) of the Appendix with r = 2, 

det [/+O l ]=exp[trCf + i? 2 (C")] 



exp 



-tr^(6„)A lS 2 + Vr 




where 



00 , 

W := tr 77,(6,0 + ^(CD - tr + ^(-f ) fc+1 tr f -A t (b n )A t s 2 + Vl (b n ] 

Using Equation (|B.3[1 . 

liMcni < = [ V 11 A > 6 



d\\Q\? 



and hence 



m < itr^(&„)i + liMcni = o\ v h a *hi 



Since we chose a > |, on W a (R d ) 



1=1 



= O I n \/ || Ai6 

\ i—l,...,n 

= 0(n-n- 3a ) ^0(n 1 - 3a ) 
— ► 
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as n — > oo . Together with Lemma 15. 91 



1 



{n>n } 



n det 



!{«>«(,} ex P 



I+-Ai{b n )A t s 2 + r]i(b n ) 
o 



1 " 

-^(tr A 4 (6„)A lS 2 +C) 



i=l 



exp 



exp 



1 - 1 
-- V 5ca/(^„(si_i))- 
d * — ' n 

1 " I 

-- Scal(</>n(8i-l))- 
n — ^ r7 



= e -iE? = iSca;(0„(s 1 - 1 ))i I 1 







{n>n } ex P 



1 " / 1\ " 

-5^ tr Ai(b n )A iS 2 + Scal(4> n (si-i))-) 



i=l 



[i-sl.s. asm oo. Finally, 

n 

1 { n >n }Y[ dct 
1 

n 

Y[ det 



— l{n>n } 



1+ -A,(&„)A lS 2 +77i(& n ) 
6 



/+^i(6n)A,S 2 +7 ?l (6„) 



e _ l /o 1 Scal(4,(s)) ds 
_ e -iE?=iSca/(*»(*i-l))A 



+ e -iE?=iScoK^n(si-i))i _ e -i /^Scai^W) ds 

— > 



/i-a.s. asn-> oo. 



5.2 Convergence of det(X n + U n ) o b n 

Recall, from Equation JOB), that W n := (5™) T C™5™ where 

C[} ° b n = Sij (± (AUbn)^ + Al +1 {b n )A l+lS ^ + l {|i _ i|=1} ^A? vi (&„)A iVj - S 4 

with A 2 +1 (6„)A„ + is 4 := as in Equation (14.35[) . In order to compute the limit of det (I™ + U n ) 
as n — > oo, it will be necessary to compute 

Tr {[U n f ) = Tr ([{S n ) T C n S n ] k ) = Tr [(S n ) T C n (B n (? t ) k - 1 S n ] = Tr ([B n C n ] k ) , 

where B n : =S n (S n ) T . 



Lemma 5.12 The matrix, B n : = S n (S n ) T , is given &y 

B" m — (I A m)I for I, m — 1,2,..., n. 

Moreover, B n and S n satisfy the norm estimates, 

|| 5" ||= 0(n) and || B" ||= 0(n 2 ). 



(5.2) 
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Proof. By definition, 

n n 

fe=l fe=l 

n 

= X] l {i/\m>k}I = (IA m)I. 
fe=i 

Let Ai > A 2 . . . > A„d be the eigenvalues of B n . Since it is a positive definite matrix, we have that 
|| B n \\ — Ai. Therefore, we have 

nd n 



B n ||= Ax < ^A, = Tr B n = ^Ur I = c T^ = 0(n 2 



i u i = i 

»=i z=i 

Since 



|| B n || = sup (B n v, v) = sup ((S n ) T v, (S n ) T v) 

\\v\\=l \\v\\=l 

= \\(S n ) T \\ 2 = \\S n \\ 2 , 

it follows that || S n ||= 0(n). m 

The following definition will be useful in describing the limiting behavior of A^(6„)A m s 4 as 
n — > oo. 

Definition 5.13 De/me T : O(M) — ► M dxd (Ue dxd matrices) by 
d 

where {ei}i=i t 2,...,d is an V orthonormal basis for T Q M . 

Notation 5.14 For oi, a 2 , a 3 , a 4 e M d and 1 < to < n, let T™ (ai ® a 2 a 3 ® a 4 ) : W (R d ) — > 
R dxd be defined by 

?™ (ai ® a 2 ® a 3 ® a 4 ) := fi u „ (Sm _ l) (ai, n u „( Sm _ l) (a 2 , > 3 )a 4 € R dxd . 

7/t is a permutation of {1,2, 3, 4}, Zet 

( r: C)( a i ® a 2 ® a 3 <E> a 4 ) = T r "(a r(1) <g> a r(2) <g> a r(3) <g> a r(4) ) 

and 

{TT^ l ){a 1 ,a 2 ) = (rT")(e 4 ® e 4 ® ai ®a 2 ) 
where {ei}f =1 is the standard orthonormal basis for R d . 
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Let = and for t e (s m -i,s m ], let t = s m _i, A := s TO - s m _i = 1/n, 

Ab(t) = b(t) - b(t), 
A m b = Ab (s m ) = b(s m ) - 6(s m _i), 
A m b l = A m b ■ d, and 
Ab{t)® 3 ® d6(t) = A6(t) ® A6(i) ® A6(t) d6(t). 



Lemma 5.15 Let {ei}i=ifl,...,d be an orthonormal basis for T M , A = ^ and m e {1, 2, . . . , n} . 
TTien 

A 2 m (b n )A* - A 2 rK( Sro _!)) = C (5.3) 

wftere 

Js m -i T z J s m -i i T 

The above sums range over permutations, r, of {1, 2, 3, 4} and i = 1, 2, . . . , d. 

Proof. By definition, we have 

A 2 m (b n )A 4 = fi M7i(Sm _ l) (A m 6, Q Un(Sm _ l) (A m 6,-)A m 6)A m 6 
= T™ (A m b ® A m 6 O A m 6 ® A m o) 
= E ^™( e * e J efc ei)A m b l A m b>A m b k A m b l . 

ij.k.l 

By Ito's formula, 

f™(A m b <g> A m 6 <g> A m 6 <g> A m 6) 

Jsm-l i = l t T V ~"' ■'"m-l i=1 r 

j th - spot 

g Era( Ab (^ 3 ® + 1 /*" E( rf ^)( A6 ( s ) ® A6 W) ds - ( 5 - 4 ) 



Now we claim that 



rs m rs m ^2 d 

/ Ab(s) ® Ab(s) ds = {s m -t)Ab{t)V db{t) + —^ei®ei, (5.5) 



'Sm-1 ■'Sm-1 " j=l 

where ai Vfl2 = ai <g> a.2 + ^2 <8> 0,1 ■ Let 

(s - s m _i)2 

i=l 



VK S = / (s-t)Ab(t)Vdb(t) + ± ^zLLVe^e, (5.6) 

^m-l 2 i=1 

= s T A6(i) V db(t) - f tAbit) V db(t) + ( ' S ~ 5m ~ l)2 E ' 

J S m -1 JSm-i ^ --I 



\2 

v ej <8) e; 
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and observe that W Sm is equal to the right side of Equation (|5.5[) . Since, 

dW s = Ab(t) V db(t)^j ds + sAb(s) V db(s) - sAb(s) V db(s) + ((s - s m -i) E e * ® ds 

= N A6(i) V <fl>(i) + (s - s m _i) e, ® 

= (A6(s) <g> Ab(s)) ds, 
it follows that 

W Sm = I Ab(s) ® A6(s) ds 

Js m -i 

which verifies Equation (|5.5p . 
From Equation (|5.5p . we have 

^(rf^)(A6(s)®A6(s))ds 

(a m - s) ]T(tT^)(A&(s) V db(s)) + ^ £ ^(rT^Xe,- ® e s ) 

11—1 2,T i,T ^' — 1 

(«m ~ «) $>T;^)(A6(s) V db(sj) + ^ ]T E ( Tf ™)( e ' ® e >® ^ ® e ^') 



2 / (* 

's m -i 



«) E( tT »m)( A& ( s ) ® + -2-8T(«(«m-0) 

2/ " (s m -s)^(rf^ l )(A6(s)®dfe(s)) + 4A 2 r( U „(s m _ 1 )). 



When we sum over all permutations of {1,2,3,4}, we will have 4! = 24 terms. However, T is a 
sum of 3 terms, hence we will end up with 8 copies of T, which explains the factor 8 in the second 
last equality. Combining this equation with Equation (|5.4p proves Equation (|5.3|) . ■ 



Lemma 5.16 There exists C < oo such that for any X > 0, n £ N, and {c m }m=i C [0, A] , 



E 



E 



\2 

<c4, 



which as usual we abbreviate as 



E« 

m— 1 



= o 



Proof. We may write 
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where 



and 



= 1 ^s ro _i 



2 E c ™ / ( s " - s)^(rT^)(AKs) ® db(s)). 

m=l •'Sm-l j r 



Using the isometry property of the Ito integral, we have 



E(6£„) 2 = E 



E 



Cr 
m— 1 

1 n 



E c » / ™ E( TT -")( A6 W 3 ® d& ( s )) 



= °( E jf IX 1 ^) ii A6 w ii 6 rfs ) 

\m=l / 



Similarly, 



E(2 X „) =E 



E c » / (^- S )E( Tr ™,)( A5 ( s )® d& ( s ))) 

m=l ^m-i i ,t 

~ l n d 

/ E Cm 1 JmW^ - S ) E E( T ^,«)( A6 ( S ) ® 
"'O m=l i=l t 

= ( E / 1 E - «) 2 II A6( S ) || 2 

= 0(f^l; B («)( gm - ( ) J ( 



(s - s m _i) ds 



Thus 



and hence 



E 



E< 

m— 1 



2\ 2 



< 



(E|ie„n 2 )" + (E|| Xri || 2 ) ! 



O I 

n 6 



E 



m— 1 
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Definition 5.17 For l,m= 1, 2, ... n, define Af m and $|L by 

Km = (lA {m - 1)) ^5 r ( u "( s ™- 1 ))~2 + ( l A m ) ^ r ( u »( s ™))^ 1 {™<«} 
+ A m ) ^ r ^ n ^ Sm " 1 ^^2 +( iA ( m + !)) 3^o r ^"^ Sm ^^2 " : 

and 



<*>L = 



(i A (m - 1)) — e£, +((Am) ^e™ +1 l {m <„ } 
+ (i A m) ^rC + (Z A (m + 1)) ^C+il{m<n}- 



With this notation along with Equation (|5.2[) and Equation (|5.3|) , we have 

(B n C n )lrn ob n =(j2 B?A) ° &n = ( A fc ^™ J ° K 



\k=l / \fe=l 



Notation 5.18 For any fc£N and d x d matrices {Mk}i =1 , let 

k 

[l[]M k : M:\h---M,. 

i=i 

Theorem 5.19 For each k = 1,2, . . define 7™ : W -^Rby 

n n k 

r fc =l n=l 1=1 

where = ri. Then 

lim ElTr ([W 11 o b n f) - 7 jf| =0 

and in particular 

Tr ([Zi™ o 6„] fc ) — 7^ — > (in n - measure) as n — > 00. 
Proof. For a fixed fe G N, 

tr E ' ' ' E (S n C") ri , r2 (S™C") r2 , r3 • • • (B n C n ) rk , ri o 6 B 

r k =l ri=l / 
n n 

- tr V • ■ ■ V A" A™ • • • A" 



rfe=l n=l 



7 fc " + S", 
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where 5" consists of a finite sum of terms of the form 



r fc =l ri = l 



' i ' j 1 T3 • • ■ c r fc ,ri "ri @r 2 ■ ■ ■ @r k j 



with 



1 < c r ,. ri+l < w for i < n and for at least one r^, = e™ . Since trace is invariant under cyclic 
permutation, we can assume that 8 rk = e™ fc . To finish the proof it suffices to show, linin^oo E | 
S™ ||= and for this it suffices to show, 



lim E 



£-£< 

rfc=l ri = l 



-r 1 ,r 2 ^r 2 ,r 3 ■ ■ ■ L -r k ,r 1 ^r 1 "r 2 ■ ■ ■ w r k 



= 0. 



Let r = (ri, . . . rfe) and write 



where by convention, rk+i := r±. Then 



Tn 



E 



E 



n n 



rfc=l ri = l 



£ ■••£< 

r fc _i=l ri=l 



'ri "r 2 ■ ■ ■ "Th 



-l £ c(r)e r 



< 



* £ ■••£ 

r fc _i = l ri = l 



'ri "r 2 ■ ■ ■ T fc _! 



fc-1 



<e e riii^n 2 e e 



. n,...,rjb_i i=l 



, ri,...,r fc _i 



E c ( r ) £r - 

r fc = l 

E c ( r ) £r 



(5.8) 



where the last inequality is a consequence of the Cauchy Schwartz inequality. Let C\ :— sup v£0 ^ M ^ \\T( 
oo, then 



1 



r(u(s,-_i)) 



2(fc-l) 



2(fc-l) /1\ 



4(fc-l) 



1 



,4(fc-l) 



Using Equation (15. 3|) . we observe that there exists a constant C2 such that 



E || e n m H 2 ^- 1 ^ E 



C 2 



A m b 



2(fc-l) 



O 



1 



? 4(fc-l) 



Thus we can find a constant C(fc) such that 



E || 6 n f^~ l )< C (- 



4(fc-l) 
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By Holder's Inequality, 



n n k — 1 

e ( e En 

1^-1=1 ri=l i=l 



- E • E c 

r fc _i=l n=l 



l\4(fc-l) 



n n fc — 1 

< e En 

r fc _i=l ri=l i=l 
lX 3(fc-l) 

n 



|2(fc- 



c 



Note that sup r |c(r)| < rt' . Using Lemma T5.161 with A = n k , we have 



M E -E 

r fc _i = l ri = l 
n n 

E -Eo 



E c W £r 



- E -E* 

rfc_i=l ri = l 



E c W 



,2fr 



,2fc 



n 3(fc-l) 



Tfc-l=l ri=l 

Hence using Equations ()5.9|) and (|5.10p . we have from Equation (|5.8j) . 



r„ < c- 



i 



3(fc-l) 



Thus putting all together, we have 



3" ||<d- VTn = ~r= 



Definition 5.20 Let 

h(s,t) = (sAt)T(u(t)) 

and for k £ N, 



7fc 



Q h f"f* [li}h(s l , Sl+ i)ds 1 ...ds k , 



's fc =u Jsi=u J=l" 

where again by convention, Sk+i '■= s±. 

Proposition 5.21 Continuing the notation in the above definition, 

[i-a.s. as n — > oo. 

Proof. To begin with, let us write 

s= (s 1 ,s 2 ,...s k ) e [0,l) fc , 
r=(n,r 2 ,...,r fc )e^:={l,2,...n} fc , 
ds = dsi . . . dsk 
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and 



H(s)=[l[]h(s l ,s l+1 ) 



1=1 



where s^+i — s±. Denote r l := r/ — 1 and 



With this new notation and rk+i = r±, 

k 

-it -7*= e tr [n] A "^ 

r£W k 1=1 





Tl 


X 




?~2~ 






\ n 


n 


\_ n 


n 


\ n 


n 



e (* [nRn 



/ tr #(s) 

/ tr #(s) ds 

-2/ Js£V n (r) j 



E , 



n fc tr 



ft 

[n 



A" 



tr #(s) 



'se[o,i)- reW k \ - i= i 

Now u„ — > u in the sup norm /i-a.s. and T(-) is continuous, thus 

m — 1 



E, . / / m — 1 
lj,xj m (r,t) -A 



n n 



m — 1 



l,m= 1 

E i w^*)(^?) r (« 

Z,m=l V 7 V 

/i-a.s. asm 00. For (r, i) S [0, l) 2 , by using Definition 15. 171 



h(r, t) — ► and 
h(r,t) — ► 



n 1 

E Ux./ m (T,f)nAf m - — fr( T ,t) 



|,m=l 



= V 1 i-r t J ^0 (i A ^) r K (^)) + 5? 7T ) r K (f )) 

^ JiXJml ' j l+i(^Af)r(.4^ )) + _7_ ( i A ^ ) r( u „( f ))i {m<n} 



/ . m — 1 







1 

12 



/i(r, t) 



/x-a.s. as n — > 00. And since taking trace and products are continuous operations, for s € [0, l) fe , 
we hence have 

k 



g n (s):= E lv„(r)(«) tr [ Jj] n A« )n+1 - (-) tr if ( S ) 
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oo. Thus we can now apply dominated convergence theorem and this gives us 
Ik -7fe= / 9n(s) ds — >0 

Js£[0,l) k 

■ 

Remark 5.22 If S v is the sectional curvature of the manifold and sup v£0 ^ M ^ || S v ||< y|^ ; then 
for any orthonormal frame {ei}f =1 C T a M , 

sup || £l v (ei, -)ej || < 2/d, 
veO(M) 

and hence 

sup || I» || < 3d 2 -4/d 2 = 12. 

veO(M) 

See Definition \D.l\ and Proposition \D.£k Let k — sup^o^,^ || T(v) | /12. Then k < 1 and hence 

A standard result in probability states that a;„ — > a; in /i-measure iff for every subsequence of 
{x n , n > 1} has itself a subsequence converging fi-a.s. to a;. Hence for any continuous function 
/, f(x n ) converges to f(x) in /i-measure. In the next proof, we will be using this result without 
further comment. 

Theorem 5.23 If sup„ e0 ( M ) || S v ||< yf^, then 

det[(I n +U n )ob n ] — >e 7 
in [i-measure as n — > oo, where 7 is defined as 

fc=i 

Proof. To ease the notation, in this proof only, we will write U n — U n o b n and I n — I n o 6„. 
By Remark IQ21 \y%\ < dK k , k = sup„ eC ,( M ) || T(v) | /12 < 1. Observe that U n satisfies the 
hypothesis in Lemma lB.ll Thus we can apply the formula in Equation (IB.1|) . Hence 

det(r l +U n ) = exp(*. r + R r+1 ), 



/Li-a.s. as n 



as n 
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where 4V = Efc=i( _1 ) fc+1 I Tr (P n ] k ) and l-Rr+i| < tji 11 ([ w "] r+1 )- Therefore 
det(Z" + W) - exp (£(-l) fe+1 ^ 

ex p ( E { ^t— ( Tr ^ fe ) ~ + ^+0 - 1 



U-=l 



: exp 



(-1) 



fc+i 



-7fc 



\fe=i 

< exp(dft/ (1 — re)) 



\k=i 



ex P (^(-l) fc+1 i(Tr(^]' 
\fc=i 



)-<y»)+R r+1 ) -1 



The last inequality follows from 



ex P (D- 1 )^ 1 ^*) ^ exp (E < exp(^/(l - re)). 



Now by Theorem 15. 191 we have 

Tr ([W"] fc ) - lu - 
in /i- measure as n — + oo. Together with || 7^ ||< dre fc , we will have 

limsup|i? r+ i| < — L-limsupTr ([W'T +1 ) < 1 
n— >oc r -j- 1 n— *oo v T" 1 J 

in /i-measure. Therefore 



dre r+1 < d« r+ \ 



lim sup 



detpF 1 +IT] - exp f E^ -1 ^^ 7 *) 



< 



exp(ek/(l - re)) |exp (dre r+1 ) - l| (5.11) 



in /i-measure. From Proposition 15 . 2 ll we know that 7^ — > 7^ and hence 7^ < dn k , which implies 



= Efc=i 1 — { — 7fc converges to 7 and |p r | < Thus 
(_l)fe+i 



lim 



exp 5] 



-Ik 



\k=l 



< gd«/(l-«) 



fc=r+l 

exp 



k 



< |e 7 - e^l + lim 

ex p ( E ) - 1 



-7k 



k=i 



\fc=r+l 



Vl - re, 

/i-a.s.. Therefore using Equations (|5.1ip and (|5.12l) . 



(5.12) 



limsup|det[T™ +U r 



< lim sup 

n — >oo 



e 7 — exp 



\l~,k=l k Ik 



detpl" - exp (^ =1 ^P7 fc " 



< 



exp(d^/ (1 — re)) 



exp 



1 - K 



- 1 



+ exp(dre/(l - re)) |exp(ck r+1 ) - l| 
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iii /i-nicasurc. Since the inequality holds for every r and as r — ► oo, 

|exp(aK r+1 ) — 1| — ► 0, 

for any constant a, we thus have 

limsup | dct[(I" + U n ) o 6„] - e 7 | = 

n — >oo 

in /x-measure. 

Definition 5.24 Define an integral operator K u : L 2 ([0, 1] -> R d ) — ► L 2 ([0, 1] -> R d ) 6y 

(#„/)(*) := f\( s ,t)f(t) dt 



(sAt) T(u(t))f(t) dt, 



where T was defined in Definition ^. 131 



Proposition 5.25 K u is trace class. 



Proof. Note that L 2 ([0, 1] -> M d ) is a separable Hilbert space. Let (Af)(s) = f*(s A t)f(t) dt 
and (Bf)(s) = T{u(s))f(s). Thus X„ = AS. By Proposition [PI A is trace class. Since B is 
bounded, by Proposition lA.31 tr \AB\ < oo and hence K u is trace class. ■ 



Proposition 5.26 



e-» = det ( I + —K v 



Proof. We will use Equation (|B.2[) to prove the statement. Note that by Remark f5.22[ for any 

/ei 2 ([0,i]^l d ), 

i i 

-i 



i / f 1 i 



12 



and hence || ||< 1 . Thus 



-(K u fY (s)f(s) ds < - || ds 



12 



^ II /(*) f ds 



< ^ II r u || jT 1 1| f(s) \\ 2 ds< J 1 1| /( S ) || 2 ds 



det { / + j^ K u ) = exp 



.fc=l 



Therefore it suffices to show that for k S N, 



tr (X*) = tr 



/ •■■/ II M s i' s '+i) ds l ...ds k =7fc(u), 

J Sfc= Jsi=0 ; =1 J 



5G 



where by convention, Sk+i = s±. Let 

(*£/)(*) = [ Pk(s,si)f( Sl ) ds x , 
Jo 

where 

Pi(s,si) = h(s,si) 

and for k > 2, 

Pfe(s,si)= / ■■•/ /i(s, S2)MQ \h(si,si +1 ) ds 2 ---ds) 

Js k =0 J s 2 =0 1=2 

Let 51 C L 2 ([0, 1]) be an orthonormal basis and hence 

\w&i | vo e Q, i = 1, 2, ... g?} 

is an orthonormal basis for L 2 ([0, l],R d ). Let (, ) denote the inner product on 
L 2 ([0, l],M d ) and (,) be the inner product on R d . Then 



tv(K*)= i K t we ii we i) = ^2 (Pk(s,t)w(t)ei, w(s)ei) dt ds 

= / / w{t)vj{s)tx Pk(s, t) dt ds 

= / ( / ru(t)tr Pk(s,t) dt J w(s) ds 

= / tr p fc (s, s) = tr / .../ \yi\h(s l: s l+1 ) ds 1 . . .ds k . 

JO Js k =0 Js!=0 ; =1 J 

Since K u is trace class, all the interchanging between the integrals and the sums are valid. 

5.3 Convergence of det(T™ + X n ) o b n 
Lemma 5.27 

&et{l^+X") o b n = l {n >n } det(X" + X n ) o b n — » 1 

/i — a.s. as n — ► oo. 

Proof. By Lemma f5.6[ it suffices to consider W Q (R d ) with ^ < a < |. Recall 

A" 1 = (Z n +W n ) _1 (S n ) T £ n <S n . 
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Now observe that X n + U n is a positive definite matrix with eigenvalues greater than or equal 
to 1. Thus since the norm of a symmetric matrix is equal to the maximum eigenvalue and the 
eigenvalues of (I n +U n )~ 1 is the reciprocal of the eigenvalues of X™ +U n , we have 

\\{i n +u n y 1 \\ < 1. 

Note that || £ n o b n \\= O (\J l=1 n \\ A,b || 5 ) for n > n (-). Thus by Lemma EH on W a (R d ) 

and for n > «o(')j we have 



X n ob n ||= O n 2 \/ ||Ai6 



i— l,...,n 



Let || <f n o 6„ || < C[n 2 Vi=i n II II 5 ]' ^ ^ s a fi xe d constant independent of u> and n. Therefore 
|| X n ob n ||< Cn 2 \/ || A 4 6 || 5 < Cn 2 ~ 5Q < Cn^ 

and hence || X n ||< 1. Thus using Equation (|B.2[) , we have 



det [T l + X n ] = exp 



oo 

£ -(-l^Tr [(*»)*] 



.k=l 



exp 



1. 



Tr A"" - -Tr [{X n f] + R 3 (X n ) 



where R 3 (X n ) = Y,T=3 i(-l) fe+1 Tr [{X n ) k ] . Note that X n is a x nd matrix and hence, 

ndC 3 n 3 ( 2 - 5a > dC 3 n^ 2 - 5a ^ +1 



\R 3 {X n ob n )\ < 



1 - Cn 2 ~ 5a 1 - Cii 2 " 5 " ' 
By the choice of a, r := 3(2 — 5a) + 1 < and hence 

|i? 3 (A" l o6„)| = 0(n r ) — >0 

as n — > oo. Let P := (X" +W n o &„) , 5 = 5™ and E = £ n o b n to simplify notation. Then, using 
Proposition IC.ll twice, 

|Tr X n o b n \ = |Tr (PS T ES) | = |Tr (SPS T E) \ 

< \\E\\ Tr (SPS* T ) = ||P|| Tr (S T SP) < ||P|| ||P|| Tr (S T S) 

where Tr (5 T 5) = O (n 2 )- This is because from Lemma f5. 121 we have 



Tr (S T S) = Tr B n = ^ mtr / 



dn(n + 1) 



m— 1 
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Thus 

|Tr X n o b n \ < 0(n 2 ) || E ||= O (n 2 ( n - a ) 5 ) 
= 0(n 2 (n- y / 15 ) 5 ) =0(n- 1 / 3 ) 

— > 

as n — > oo. Similarly, using Lemma IC . 1 1 twice and the fact that P is positive definite so that SPS T 
is positive definite, we have 

|Tr [{X n o b n f] | = |Tr (PS T ESPS T ES) \ = |Tr (SPS T ESPS T E) \ 

< Tr (SPS* T ) H-ESPS^-Ell = Tr (S* T SP) ||^5PS' T £;|| 

< Tr(5 T 5) • ||P|| \\ESPS T E\\ 

< 0{n 2 ) \\ESPS T E\\ < 0(n 2 ) \\E\\ 2 \\S\\ 2 
= 0{n 4 )\\E\\ 2 = O (n 4 (n- a ) 1Q ) 

= O (n 4 (n- 7 / 15 ) 10 ) = O (n 4 n- 14 / 3 ) 

= 0(n i ^ M )=0(n- 2 / 3 ) 
— > 

as in oo. Therefore, 



det(J™ + X n ) o b n = 1 { „>„ 0} det(T" + X n ) o 6„ 



exp 
-> 1 



Tr X n - -Tr [(A 1 ™) 2 ] + R 3 (X* 



o 6„ 



/z-a.s. asn-> oo. ■ 

As a random variable on (VT(IR d ), /i), the next theorem shows that p n o o 6„ converges in 
/z-measure. 

Theorem 5.28 If sup t , e0(M) || SV, ||< yf^, then 



Pn o4>ob n ^ e-i $ ScaHtW <^/ det ( I+ A- Ku 



in jji-measure as n — > oo. 



Proof. It suffices to consider on W a (M. d ), with ^ < a < \. From Theorem 14. 191 



det[((^") J >")] = [det(V n )] 2 det(X" +U n ) dot T l + [T +U" ) (S n ) T £ n S n 
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Using Lemma T5. Ill Theorem 15.231 Proposition 15 . 261 and Lemma \5. 2 71 we have, 
!{«>„„} Aei[{{T n ) T T n ) o b n ] — ► e3 /o s«rf(*(.)) 

= e |/ o 1 ScaK0W) da det (j+-^T„ 

in /i- measure as n — * oo. But by Theorem 14.71 for n > ^o('); 

( P „o0o6„) 2 =det[<(^") T ^")]o6„. 
Thus taking the square root completes the proof. ■ 

6 L 1 Convergence of {p n o o b n }™ =1 

Definition 6.1 Let /i^n be defined as in Theorem \1.4\ on H-p(M. d ) by the density 

1 _ip 

—re 2 a *- d Vol G i 
Zip v 

where Zj, := (2tt)^t and E^dicj) :— \\ uj'(s) || 2 ds. 

The following 2 results can be found in [AD99] and hence we will omit the proofs. 

Theorem 6.2 Let fx G i be defined as in Definition \6.1\ Write 4>v = 4>\H-p(K. d )- Then fi G i is the 
pullback of Vqi^ by <jyp. i.e. 



Let tt-p : W(R d ) -> (R d ) n be given by 

tt v {uj) := (uj(si), u(s 2 ), ...,uj(s n )y 

Note that ir-p : H-p(M. d ) — ► (R d )™ is a linear isomorphism of finite dimensional vector spaces. Let 
i v : (M. d ) n — > H-p(M. d ) denote the inverse of tr-p\ff v (vdy 

Lemma 6.3 Let (yi, . . .y n ) denote the standard cartesian coordinates on (M. ) n andyo := 0. Then 

iv^G], = ^II( A i s ) _ ^ ex P ^ _ 2^s " Vi ~ Vi ~ X " 2 )) dyidy 2 ...dy n . (6.1) 

This equation can also be written as 

i vt J -Gl p = (f[pA t s(y l -i, Vi^j dy 1 dy 2 ...dy n 
where p s (x, y) :— {-^)~^ exp(— ^ x ~^ ) is the heat kernel on M. d . 

60 



We are now ready to prove the main result. 



Theorem 6.4 Let M be a compact Riemannian manifold, f : W(M) — > K be a bounded continuous 
function and V = {0 <!<...<" = 1} is an equally spaced partition. Let b be brownian motion, 
u solves Equation \5.1\ ), <f> = tt o u and j j is stochastic parallel translation defined in Definition 
Suppose $up V £0(M) II &v II < ifd> where S v is sectional curvature and p-p o cf> o b-p is uniformly 
integrable. Then 

f{a) dv v (p) = \ f(a) p v (p) dv G i {a) 

H V (M) JH-p(M) 



|7>|-0 



W(M) 



where v is Wiener measure on M. Seal is the scalar curvature of the manifold and K-r,,s 
L 2 ([0, 1] -> R d ) — > L 2 ([0, 1] -> R d ) is given by 

(K T/(a) v) (s) = j (s At) T(T/ t (o-))v(t) dt 



wher 



/or any orthonormal basis {e{\f =1 C T a M , and 



r(// t W) = E 



«77 t(CT) («,c) :=// t \<r)R(j/ t (a)a,// t (a)c) // t (a) 
for any vectors a, c S T Q M , R being the curvature tensor. 

Proof. By Theorem l5.2l f o cj) o bp :— fp converges to f o<p p — a.s. as |"P| — » 0. Thus we have 
/ f dv v = \ f p v dv G i 

JH V (M) JH-p(M) 

= / {I Pv) ° </> g^g 1 (-^2/ Theorem 16. 2| 

JH v (R d ) 

= / {I Pv) ° 4> ° b-p d/j, (By Lemma 16. 3| 



W(R d ) 

f-p ■ pp o <f> obp dp. 

'■) 
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By the assumption on pp o tp o bp , since / is bounded and continuous, we have f-p ■ pp o <fi o bp is 
uniformly integrable. Therefore by Theorem l5.28[ 



/ /O) dvp{a) = / (/p • p-p o cj)o bp) (w) d/i(u>) 

JH-p(M) JW(M d ) 

^foj,- e-i scales)) ds^j det + ^"Jj (w) 



W{M) 



as IT 5 1 — > 0, where -K^ was defined in Definition 15.241 Note that v — p,<fi 1 and u — / /{4>) from 
and ([2|) of Remark 15.41 respectively. ■ 



Corollary 6.5 Let M be a compact Riemannian manifold, f : W(M) — > R be a bounded con- 

3 

17ci • 



tinuous function and V is an equally spaced partition. Suppose that \/v £ O(M), < S v < — '- 



Then 

/(er) dvp(o) 



\r\->o 



W(M) 



Proof. By Theorem l3.15l we know that ppocpobp is uniformly integrable under the assumptions 
on the sectional curvature. Hence the corollary now follows from Thcorcm l6.4l ■ 



7 Further Questions 

Two questions immediately arise from Corollary 16. 51 

1. Can we remove the upper bound restriction on the sectional curvature? In other words, does 
the result hold true for any compact manifold with non-negative sectional curvature? 

2. Can the result be extended to an arbitrary compact manifold? 

The restriction of the result on a non-negative manifold arises when we are trying to prove 
the uniform integrability of pp. Thus one way to improve the result is to obtain a better upper 
estimate for pp, and show that without any restrictions on the sectional curvature of the manifold, 
pp is still uniformly integrable. 
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One possible research problem will be to consider a different metric on H(M). For example, 
by considering a i 2 -metric G° on TH(M) where 



Jo 

for X 6 T a H(M). Instead of considering Wiener space W(M), one can consider the space of 
pinned paths, equipped with pinned Wiener measure and carry out a similar analysis. 
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A Trace Class Operators 

A background knowledge on trace class operators can be found in |DS88bj and |Sim79j . 

In general, it is difficult to determine if an integral operator is trace class. However, the following 
theorem, taken from Theorem 2.12 of [Sim79j . gives a condition for which an integral operator is 
trace class. See also Section XI. 4 of [RS79 . 

Theorem A.l Let fi be a Baire measure on a locally compact space X. Let K be a function on 
X x X which is continuous and Hermitian positive, that is 



for any x±, . . . , xn € X , Z\, . . . , zjy G and for any N . Then K(x, x) > for all x. Suppose 
that in addition, 




N 



} J ZiZjK(xi,Xj) > 




Then there exists a unique trace class integral operator A such that 




and 




Proposition A. 2 Let (Af)(s) = J^(s A t)f(t) dt. Then A is a trace class operator. 



G3 



Proof. Let X = [0, 1] and fi be Lebesgue measure. Using Theorem I A. 11 it suffices to show that 
s At is Hermitian positive. Let Zi, Z2, ■ ■ . , 2jy be any complex numbers and let x\, . . . , xn G [0, 1] . 
The proof is by induction. Clearly when N = 1, it is trivial. Suppose it is true for all values from 
k = 1, 2, . . . , N — 1. By relabelling, we can assume that X\ < Xk, k = 2, . . . N. Hence X\ A Xk = X\ 
for any k. Thus 

N N N N 

~Z\Zj (x\ A Xj) + ~jZ\ [xj A X\) = X\ ~zi z j + %i 
3=1 3=1 3=1 3=1 

Af _\ \ f _ 

\i= 1 / \J= l J *>J=2 

Therefore, 

N / N \ / TV \ JV Af 

X] Aa; i) = ^1 X]^ I ~ Xl XI + X A x i) 

\ (« \ »_ 

= xi 2^ z i\ \l^ z 3 + ZlZ ^ Cl A c i)' 

y=i / y=i / ».j'=2 

where c, = Xj — xi > 0, i — 2, . . . , N . Thus by induction hypothesis, 

ZiZj(ci Acj) > 

i,3=2 

and hence 

JV 

~z~iZj(xi f\ Xj) > 0. 



Proposition A. 3 Let TL be a separable Hilbert space. Suppose A is trace class and B is a bounded 
operator. Then 

tr |AB| <|| B || tr |A| 

where \\ ■ \\ is the operator norm. 



For a proof, see Theorem VI.25 in [RS80 . 



B Perturbation Formulas 



Lemma B.l Let U be a d x d matrix and for reN, let 



r 1 
V r (U) :=y7-l) fe+1 -tr U k 



k=l 
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IfU is positive definite, then there exists R r+ \{U) such that 

det(J + U) = cxp (* r ([f) + i? r+ i(C/)) , (B.l) 

w/iere 

|^+i(C/)| < -4rtr U r+1 . 
r + 1 

/ft/ is any d x d matrix (not necessarily positive) such that || U ||< 1, £/ien 

det(J + (7) = cxp (* r ([f) + i? r+ i(C/)) , (B.2) 

with 

oo 1 

such that 



k 

k=r+l 



\R r+ i(U)\ < ^ . (B.3) 

Proof. Let {Ai, A 2 , . . . , A^} be the set of eigenvalues of U . Then 

d 

det(J + [0 = IJ(l + Aj) 

i=l 

= exp^ln(l + A i )^ , (B.4) 
since by assumption, Ai > for all i. But by applying Taylor's Theorem to ln(l + a;), we have 

ln(l + x) = ^(-l) fe + 1 Ix fe + Rr +1 (x), 

where 



R r+1 (x)=x k+1 ( ir 



' _r+i 



r + 1 (l + c) r+1 

for some c e (0, a;). Therefore, 
Since 

tr C/ fc = ^A, fe , 



we have 



5>(i + = E ( E(-!) fc+ 4 A .- + ) 

»=i i=i Vfe=i K / 

= E(- 1 ) fc+1 l tr ^+X>'+i(a*) 

fe=l i=l 

= * r (C/) + J R r+1 (C/), 
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where R r+ i(U) := J^Li #r+i( A i) and \R r+1 (U)\ < Y$ =1 K +1 = TTi tr C/ '" +1 - To P rove E q uation 
(|B.2|) . we assume that || U ||< 1. Thus the eigenvalues of U, \ < 1 for all i. Therefore Equation 
(|FT4| holds. But ln(l + A;) = Ejfcli( _:L ) fc+1 i^i and tnis sum converges absolutely. Thus 

d oo 1 oo 1 d 



i=l fc=l 



fc=l 



fc=l 



E(-!) fe+1 ^ r ^ 



Hence this proves Equation (|B.2|) . In this case, 



l^r + l(t/)| = 



OO 1 

< e h* uk \ 



< E d \\ u 

fe=r+l 



fc=r+l 
fc _ rf||^H r+1 

1- II c/ll ' 



(B.5) 



Alternatively, Equation (|B.2|) can be proved by a rewriting of the standard formula, 

4 log(det(J - sU)) = -tr((J - sU^U) 
as 



= -tr (^V£/ fe t/ 

fc=0 

= -^s fe tr (U k+1 ). 



fc=0 



Let J7i be the space of trace class operators, equipped with the norm || • ||i, define by 

M||i=tr \A\. 

Let A <E J\. Suppose — lies in the resolvent set of A, i.e. — z^ 1 ^ cr(A). Then the mapping 
A — > ln(7 + zA) is defined and is continuous on A. (See Lemma 15 in Section XI.9.22 of |DS88bj .) 
Thus, one can define a function det(7 + •) on J7i in the following way. 

Definition B.2 Define for —z^ 1 ^ cr(A), 

det(J + zA) = cxp(tr ln(7 + zA)). 



This function det(7 + zA) is analytic in z and has only removable singularities at the points z 
such that — z _1 £ o~{T). We can now show that Equation (|B.2|) holds even for trace class operator. 
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Lemma B.3 Let A be a trace class operator on a Hilbert space "H, with || A ||< 1 where || • || is 
the operator norm. Then Equation \B. £)) holds with U replaced by A. 



Proof. Since tr is a continuous function on J7i (See Theorem 19 in Section XI. 9. 20 of |DS88bj .). 

we have 



tr ln(I + zA) = tr hm ■ 

N^oo^ k 
k=l 



(zA) k = lim tr V ' ^ (zA) fc 

N—>oo — ' fc 



fc+1 



A' 



lim > 



(-1) 



fc+i 



(-1) 



fe=i 
fc+i 



N— >00 



tr (zA) fc = V ^ tr (zA) k 

k=l k=l 



k 



Because || A ||< 1, setting z = 1 gives us our desired result. 



C Matrix Inequalities 



Proposition C.l If A, B are two N x N matrices with B being positive semi definite, then 

|tr(AB)| < \\A\\ tr B (C.l) 

and in particular by taking B = I, 



|tr A\ <N\\A\\ 



(C.2) 



Proof. Let {ei\i = \_2,...N be an orthonormal basis of eigenvectors of B with corresponding 
eigenvalues, {Xi > Q}i=i.2,...N ■ Then 



\tv{AB)\ = 



N 



J2(ABe 



1=1 

N 



N 



J^XiiAe 



N 



K^XMAe^e^^^XiWA^WAWtvB. 



i=i 



Proposition C.2 Suppose that M is a positive definite N x N matrix and a > 0. Then 

N 



det (M) < 



^trJM)^ < a ^ e tK^ lA ^). 



Moreover if a > 1, then 



det (M) < a^e 0-1 ^ 1 ''- 7 ). 



(C.3) 



(C.4) 
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Proof. Let {Xi}fL 1 be the eigenvalues of M, then 

de.M = A I ...A„=(Ar-Arr<(£^) - (^) 



W , \ * /. iV 



Now suppose that a > 0. Then 

j ( tr (a _1 M) ^ 

a' 



dct M = a N dot (a _1 M) < - N 



N 

N 



where the last inequality follows from the inequality 

X \ N 

1 + — < e x for all N e N and x > — JV. 
NJ ~ 

Indeed, elementary calculus shows that / (x) := e~ x (l + J^)^ for x > — N has a global maximum 
of one at x = 0. 

Alternatively, 

det (M) = a N det (a^M) = / det (a~ l M - I + I) 

N N 

= a N H(l+ (a~ 1 \ i - 1)) <a N H e^^ 1 ) = o^e^^ 1 ) 

i=l i=l 

wherein we have used the inequality, l + x < e x , which results from the convexity of the exponential 
function. Finally, by optimizing this inequality over a > 0, (take a = N^ 1 tr M), the previous 
inequality implies det M < (N^ 1 tr M) N . ■ 



D Bounds on Curvature 

Definition D.l Let M be a manifold, u £ 0{M) and Vt u as defined in Definition \2.1[ Define for 
any vectors x, y,w,z <E T a M , 

R u (x,y,w,z) = (ft u (x,y)w,z), 
and for any linearly independent vectors x, y, 

R u (x,y,x,y) 



S u (x,y) 



II x ll 2 ll y II 2 ~(x,y) 2 ' 
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The curvature tensor, R u satisfies the following symmetries, 

R u (x,y,w,z) = -R u {y,x,w,z), (D.l) 

Ru(x,y,w,z) = -Ru(x,y,z,w), (D.2) 

R u (x,y,w,z) = Ru(w, z,x,y), (D.3) 

Ru(x, y, w, z) + R u (w, x, y, z) + R u (y, w, x, z) = 0. (D.4) 

The last equality is the Bianchi Identity. 

S u is called the sectional curvature and if we define S U (V) :— S u (x,y) where V is the plane 
spanned by any linearly independent vectors x,y, then it can be shown that S U (V) is independent 
of the choice of x and y. We will write 

|| S u ||= sup{|S u (F)| | V is a plane in T M}, 

and 

K = sup || S u || . 

ueo(M) 

Since we are considering a compact manifold M, K is finite. Immediate from this definition, we 
have 

\R u (x,y,x : y)\ <|| S u \\ \\ x || 2 || y || 2 (D.5) 

for any x, y S T Q M . 

For any vector w, Equation (|D.3[) shows that ri u (w, -)v is a symmetric matrix. It follows that 
||Q>,>||= sup \\tl u {v,w)v\\= sup \(il u (v,w)v,w)\ <\\ S u |||| v \\ 2 . 

||tu||=l l|t"ll=l 

The last inequality follows from Equation (|D.5[) . As a consequence, if we take the supremum over 
O(M), then 

sup \\a u (v,-)v\\<K \\vf . 

Proposition D.2 If s\xp u ^o(M) II ^« 11^ ifd' then for any orthonormal frame {ei}f =1 C T M, 

2 

sup || 0„(ei, •)e j || < - 

uGO(M) « 
where d is the dimension of the manifold. 



G9 



Proof. Let x,y,w,z € T a M. Then using Equations (|L\T|) . (|LT2|) and (|DT3|) . 

A := i?„(a; + w. y + z, .x + w, y + z) — R u (x + w,y,x + w,y) ~ R u (x + w, z,x + w, z) 

- Ru(x, y + z,x,y + z) - R u {w, y + z,w,y + z) + R u (w, y, w, y) + R u {x, z, x, z) 

= Ru(x + w,y,x + w, z) + R u (x + w, z, x + w,y) - R u {x, y,x, z) - R u (x, z, x, y) - R u {x, y,x,y) 

- Ru(w,y,w,z) - Ru(w,z,w,y) - R u (w,z,w,z) 

= R u {x 7 y,w,z) + R u {w,y,x,z) + R u (x,z,w,y) + R u (w,z,x,y) - Ru(x,y,x,y) - R u {w,z,w,z) 
= 2R u (x, y, w, z) + 2R u (w, y, x, z) - R u (x, y, x, y) - R u (w, z, w, z). 

Similarly, 

B := R u (x + z, y + w, x + z, y + w) — R u (x + z,y,x + z,y) — R u (x + z,w, x + z, w) 

- Ru(x, y + w,x,y + w) - R u (z,y + w, z,y + w) + R u (x, w, x, w) + R u (z, y, z, y) 

= R u (x + z,y,x + z,w) + R u (x + z,w,x + z,y) - R u (x, y, x, w) - R u (x, w, x, y) - R u {x, y, x, y) 

- Ru(z, y, z, w) - R u (z, w, z. y) - R u (z, w, z, w) 

= Ru(x,y,z,w) + R u (z,y,x,w) + Ru(x,w,z,y) + R u {z,w,x,y) - R u (x,y,x,y) - R u {z,w,z,w) 
= 2R u (x, y, z, w) + 2R u (z, y, x, w) - R u {x, y, x, y) - R u (w, z, w, z). 

Thus 

A - B = 2R u (x, y, w, z) + 2R u (w, y, x, z) ~ 2R u (x, y, z, w) - 2R u (z, y, x, w) 
= 2R u (x, y, w, z) + 2R u (x, y, w, z) + 2R u (w, y, x, z) + 2R u (y, z, x, w) 
= 4i? u (x, y, w, z) + 2R u (w, y, x, z) + 2R u (x, w, y, z) 
= 4i? u (x, y, w, z) - 2R u (y, x, w, z) 
= 6R u (x,y,w,z). 

The second last equality follows from the Bianchi Identity. Hence for any unit vectors x, y, w, z, 

\A\ <\\ S u || [|| x + w || 2 || y + z || 2 +2 || x + w || 2 +2 || y + z || 2 +2] 
<|| S u || [4 2 + 2 -8 + 2] =34 || S u \\ . 

Similarly, \B\ < 34 || S u \\. Therefore, for any unit vectors x,y,w,z, 

\R u (x,y,w,z)\ = l\A-B\<^ \\ S u \\ . 

6 3 

and hence 

sup \R u (x,z,w,z)\ < ^- || S u || . 



w = z =1 
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Now for any u € O(M) and orthonormal frame {ej}f =1 , let $lij{y) ■= fi„(ej,y)ej. Then 



sup || Slij(y) || = sup ( Qij(y), 



ll=i 



sup 

IMI=1 



< 



sup 



34 



gjj (y) 



|i? M (x,y,w,z)| < y || 5„ || . 



So, for any u e O(M) and orthonormal basis {ej}^ =1 C T D M, || 0^ ||< ^ || 5 U ||. If we choose 
su P«eO(M) II S u || < 3/(17d), then 



34 3 

sup || n u (ei,-) ej \\< — ■ — = =- 



ueO(M) 
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